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ABSTRACT
This thesis investigates torque ripple modeling and minimization techniques for
permanent magnet (PM) machines to achieve high-performance and reliable machine
drive for practical industrial and consumer applications. At first, a comprehensive torque
ripple model is proposed, in which the torque ripples resulting from the spatial harmonics
of magnet flux, the time harmonics of stator currents and the cogging torque are included.
Since the proposed torque ripple model involves machine operation dependent
parameters, the effects of parameter variation on PM machine torque ripple modeling are
investigated, to improve the accuracy and robustness of the proposed model.
The key to torque ripple minimization is to determine an optimal stator current that can
generate an extra torque ripple to cancel the torque ripple produced by the PM machine.
Based on the proposed torque ripple model, a genetic algorithm (GA) based stator current
optimization approach is proposed for torque ripple minimization, in which the GA is
applied to optimize the stator currents to achieve the objectives of: 1) minimizing the
peak-to-peak torque ripple; 2) minimizing the rms value of the stator current/machine
losses induced by stator current; and 3) maximizing the average torque component
produced by the injected harmonic currents. Then, an analytical solution to the optimal
stator current design is developed from the proposed model, which can significantly
reduce the computation time in finding the optimal currents for torque ripple
minimization. Thus, this analytical solution is applicable for torque ripple minimization
under both transient and steady states of a PM machine.
Based on the proposed analytical solution, the influences of machine parameter variations
including the magnet flux variations and the inductance variations on torque ripple
minimization are investigated, which demonstrates that machine parameter variations
have great influence on the performance of torque ripple minimization. Therefore, the
feed-forward based torque ripple minimization methods are sensitive to the parameter
variation and disturbance. To minimize the torque ripple more effectively, the relation
between torque harmonic and speed harmonic is investigated and it is concluded that the
magnitude of the speed harmonic is directly proportional to the magnitude of the torque
harmonic of the same order. So, the speed harmonic can be used as a measure of torque
vi

harmonic for feedback stator current control for torque ripple minimization in PM
machines. Therefore, a closed-loop fuzzy logic based current controller using the speed
harmonic as the feedback control signal is proposed for PM machine torque ripple
minimization. The speed harmonic is obtained from machine speed measurement, so the
proposed approach does not require accurate machine parameters and is not influenced by
the nonlinearity of the machine and the inverter.
During the thesis investigations, the proposed torque ripple modeling and minimization
approaches are extensively evaluated on a laboratory PM machine drive system under
different speeds, load conditions, and temperatures.
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NOMENCLATURE
A list of principle symbols is given here; there are more symbols used in this thesis,
which have been defined locally. For simplicity, magnet flux is used to denote magnet
flux linkage with respect to a specific machine in this thesis.
ttotal

total torque produced by an electric machine

ttotal,τ

total torque produced at temperature τ

T0

DC component of the total torque

th

harmonic component of the total torque

Thk

magnitude of the kth torque harmonic

te

electromagnetic torque

tcog

cogging torque

Tck

magnitude of the kth cogging torque harmonic

tL

load torque

TL0

DC component of the load torque

sa, sb, sc

total flux in abc-axis

λa, λb, λc

magnet flux in abc-axis

Λabc,k

magnitude of the kth magnet flux harmonic in abc-axis

λd, λq

magnet flux in dq-axis

λdh, λqh

harmonic components of the dq-axis magnet flux

dk, qk
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Λdk,τ, Λqk,τ

magnitudes of the dq-axis kth magnet flux harmonics at temperature τ

0

DC component of the magnet flux

Λ0,τ

DC component of the magnet flux at temperature τ
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abc phase voltages

Uabc,k

magnitude of the kth voltage harmonic in abc-axis

ud, uq,

dq-axis voltages

udk, uqk

kth voltage harmonics in dq-axis

Udk, Uqk

magnitudes of the kth voltage harmonics in dq-axis
xviii
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DC components of the dq-axis voltages
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abc phase currents

id, iq

dq-axis currents
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DC components of the dq-axis currents
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dq-axis inductances
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leakage inductance

LA

saliency-independent inductance

LB

saliency-dependent inductance

ω

electrical rotor speed
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ωm

mechanical rotor speed
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average mechanical speed

mk

magnitude of the kth mechanical speed harmonic

θ

electrical rotor position

NP

number of machine pole pairs

ϕλk

phase angle of the dq-axis kth magnet flux harmonics

ϕidk, ϕiqk

phase angle of the dq-axis kth current harmonics

ϕidk*, ϕiqk*
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ϕck

phase angle of the kth harmonic of cogging torque

k

phase angle of the kth speed harmonic

tk

phase angle of the kth torque harmonic

J

combined moment of inertia

B

viscous friction coefficient
xix
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winding resistance
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winding resistance at temperature Temp0

Temp

stator winding temperature

τ

magnet temperature

αcu

copper thermal resistive coefficient
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g1, g2, g3

objective functions

1, 2, 3

weights of the objective functions
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control gains of the fuzzy logic controller
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CHAPTER 1
INTRODUCTIONS
1.1 Overview and Motivations
The electric vehicle (EV) has been receiving increasing research and development
interest in recent years due to the environmental issues caused by the internal combustion
engine (ICE) vehicle [1]-[12]. Environment and Climate Change Canada reported that the
transportation sector contributes 23% greenhouse gas (GHG) emissions in 2014, and this
number is estimated to be increasing. Among all the provinces, Ontario contributed 23%
of the national total GHG emission. As indicated in the 2016 Greenhouse Gas Progress
Report by the Environmental Commissioner of Ontario, among all economic sectors, the
transportation sector has become the biggest contributor in producing GHG in Ontario.
The report also claims that transportation is the fastest growing share of GHG emissions
and it is a big challenge to reduce the carbon footprint by 9% by the year 2020. To
achieve this target, a Cap and Trade Program that puts a price on GHG pollution will be
active from January 1, 2017 [12]. Similarly, in the United States, the Clean Air Act is
designed to control the air pollution caused by different sources on a national level. The
Zero Emission Vehicle Program is developed under the California Air Resource Board
(CARB) to reduce emissions from mobile sources. It is reported that the mobile sources
account for over half of the total emission, which contribute to near 40% of GHG. On the
other hand, oil is the energy source of ICE vehicles, but oil has limited reserves, which
will eventually deplete. In this way, the government is encouraging both vehicle
manufacturers and consumers to shift towards EVs. This is in order to reduce fossil fuel
usage and GHG emissions. With such a long-term environment-friendly commitment and
policies from the government, the EV market has been growing fast recently, and it is
predicted that the EV share will reach at least 50% of the global light-duty vehicle sales
by 2050 [1].
In EVs, the ICE is replaced by an electric machine to provide propulsion force, which can
avoid GHG emissions. There are many candidates for electric machines that qualify for
the vehicle traction application. The direct current (DC) machine was widely used for
traction in the early 20th century. In recent years, EVs employ mainly induction machines
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(IMs) and permanent magnet (PM) machines [8]-[11]. The switched reluctance (SR)
machine is a promising candidate that can be used for traction as well [8], [14], [15].
Comparative performance studies of these four kinds of electric machines are conducted
in [9] and [10] in the context of EVs. Table 1-1 lists the comparative results in terms of
power density, efficiency, controllability, reliability, technological maturity and cost.
These are important factors in electric machine selection for EV application [9]. It is clear
that the PM machine is superior in terms of its power density and efficiency. These two
features make the PM machine the most favorable for the EV traction application. For
instance, EVs such as the Ford Focus, Nissan Leaf, Mitsubishi i-MiEV, BYD e6 and
Smart ED use PM motors for propulsion. Table 1-1 also shows that the PM machine has
disadvantages in terms of cost, controllability, technological maturity and reliability
compared to its counterpart, the IM. In fact, there are many open research topics to
improve PM machine technology for EV applications.
TABLE 1-1: ELECTRIC PROPULSION SYSTEM EVALUATION [9]

Propulsion
systems

DC Motor

Characteristics

Induction
Motor

PM Motor

SR Motor

Power Density

2.5

3.5

5

3.5

Efficiency

2.5

3.5

5

3.5

Controllability

5

5

4

3

Reliability

3

5

4

5

Technological Maturity

5

5

4

4

Cost

4

5

3

4

∑ Total

22

27

25

23

In particular, this thesis focuses on investigating the torque ripple issue of PM machines.
Torque ripple is one of the major concerns in the EV traction application, especially at
low speeds [11], [16], [17]. In an extreme case, when the rotor speed of a PM machine
reduces to zero, the sinusoidal stator current produce only pulsating torque at different
rotor positions as demonstrated in Figure 1-1 [13]. The torque ripple produced during
machine operation causes acoustic noise, mechanical vibration, and degrades the PM
machine performance, which will ultimately influence the overall performance of the EV.
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Fiigure 1-1. Instantaneous torq
que waveformss obtained from
m the electrom
magnetic model of a SPM machine
un
nder sinusoidall current excitaation at differen
nt rotor positioons [13].

Permanent magnet
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machines are gen
nerally dividded based onn their rotorr structure, w
which
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ncludes surfface-mounted
d, surface-in
nset, interiorr and line-sttart types [118]. The surrfacemounted
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typee and the in
nterior type PM machiines are widdely adoptedd in EV traaction
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pplications, and their structures aree demonstraated in Figuure 1-2 [7]. In some sppecial
caases such ass in-wheel motors,
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the outer
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rotor sttructure is eemployed in the PM machine
[1
19]-[22]. Th
here are alsso line-start PM machinnes for the EV tractioon applicatioon to
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orque ripplee modeling and
a minimizzation for innterior PM (IPM) machhines.
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However,
H
thee proposed th
heoretical an
nd practical aapproaches are applicabble to the surrfacemounted
m
PM (SPM) macchines as weell. This is bbecause the S
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PM machine,, in terms off mathematiccal modelingg and controll.
The
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otor and stattor of the IPM
M machine are
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d in the FEA
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m obtained aat the
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prresented in Figure
F
1-5. It can be seeen that the ttorque ripple is quite laarge even unnder a
siinusoidal currrent excitation.
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(a)

(b)

Fiigure 1-2. Overall PM machin
ne architecturees [7]. (a) SPM
M machine. (b) IPM machine.

(a)

(b)
Fiigure 1-3. Desiign of the IPM machine. (a) 2D
2 FEA modell. (b) Rotor andd stator.
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Torque (Nm)

Current (A)

Figure 1-4. Torque waveform under 11 A rms/phase current excitation at 100 RPM.

Figure 1-5. Three-phase stator currents of 11 A rms/phase used in the FEA.

Here, the torque ripple is quantified as:

max  torque   min  torque 
100% .
average  torque 
It has been found from the FEA that the torque ripple produced by the IPM machine at
the rated current condition is 44%, as shown in Figure 1-4. The experimental validations,
which will be detailed later, are in good agreement with the FEA results. Therefore,
considerable research efforts are required to tackle the torque ripple issue to improve the
overall performance of this IPM machine for EV applications.
This thesis is dedicated to minimize the torque ripple in PM machines. In order to achieve
precise torque control, an accurate measure of torque during operation is required. But a
direct measurement of torque is generally unavailable in the PM machine drive system,
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due to the cost concerns of using torque transducers. In fact, the torque transducer also
has limited accuracy in torque measurement due to the limitations in bandwidth and
sampling rate. Therefore, torque ripple modeling and estimation has been extensively
investigated in the literature to achieve accurate PM machine torque control with
minimum ripple. However, due to the machine and drive nonlinearities, none of the
existing torque ripple modeling and minimization methods are claimed to be universally
effective. So the candidate in this thesis is motivated to tackle the challenges in PM
machine torque ripple minimization through novel control and optimization techniques
based on comprehensive modeling, estimation and measurement of torque ripples.
1.2 Literature Review
Apart from the EV application, PM machine can be used in many other applications as
well, such as robotics and aerospace [24]-[30]. In most of the applications, smoothness in
the output torque is critical and the torque ripple is generally undesirable. This is because
the torque ripple can produce mechanical vibration and acoustic noise, and degrade the
overall machine performance. Therefore, a large amount of research work has been
proposed to minimize the torque ripple for PM machines.
The torque ripple minimization techniques for PM machines presented before 1995 were
reviewed in [31] by Thomas and Wen. The torque ripple minimization techniques were
categorized into two major types. One is the machine design based technique and the
other is the active control based technique. The machine design based approaches focus
on optimizing the stator and rotor design to lower the spatial harmonic of the magnet flux
and cogging torque through techniques of: 1) skewing; 2) stator electrical winding type
selection; 3) rotor magnetic design; and 4) stator magnetic design. The control based
techniques typically work based on the cancellation principle, in which an extra torque
ripple is generated through control to cancel the torque ripple that would result from the
limitations of an existing machine design. The control methods include: 1) programmed
feedforward current control; 2) torque estimator and observer based feedback control; 3)
speed loop disturbance rejection; and 4) high-speed current regulator saturation for torque
ripple minimization. It was concluded that much more work was yet to be done to
achieve smooth torque production in PM machines.
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Recent research investigations on torque ripple minimization can still fall under the two
categories of machine design technique and active control technique. These techniques
are summarized and presented in the following two sub-sections.
1.2.1 Machine Design Techniques for Torque Ripple Reduction
In terms of PM machine design, given the required machine performance, such as speed,
power density, efficiency and constant power range, the basic design parameters of the
machine are determined. The design parameters include the number of phases, slots and
poles, the machine dimensions, and the steel and magnet materials. The control factors
left to achieve torque ripple minimization are limited. The recent research is focused on
fine tuning the magnetic pole design, or the stator teeth and winding design for reducing
the cogging torque and spatial harmonics in the flux and the inductances. But in some
investigations, both the stator and rotor are optimized to achieve better torque ripple
minimization performance.
The most common technique is controlling the machine pole design. A magnet stepskewing technique is proposed in [32] to minimize the cogging torque of a PM machine.
A genetic algorithm (GA) is employed to optimize the skew angle to achieve minimum
cogging torque. Torque ripple and cogging torque variation in a PM machine with a
skewed rotor has been investigated in [33]. It is shown that the skewing with steps does
not necessarily reduce torque ripple but may cause it to increase.
A simple torque ripple suppression method for SPM machines by using unequal magnet
widths on the rotor is proposed in [34]. At first, an analytical model is employed to
analyze the optimal magnet width ratio to achieve minimum cogging torque. Then, the
selected magnet width ratios are used in the electromagnetic model under the finite
element analysis (FEA) environment for validation. Loading performance and the
unbalanced magnetic pull (UMP) are also investigated. It is demonstrated that the torque
ripple during operation is significantly reduced with a small compromise in the average
torque when the magnet widths are optimized using the proposed approach. But the UMP
has been increased dramatically, which might cause issues in the mechanical system.
Torque ripple minimization is investigated in [35] by using sinusoidal and symmetrical
magnet shapes in the axial direction. It claims that less magnet material is needed in the
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proposed magnet pole design. Magnet segmentation is also considered in the design to
reduce the manufacturing complexity. Different magnet shapes in the radial direction are
explored in [36] for torque ripple minimization. The magnet pole is divided into a
number of layers at first, and then it is modeled analytically as a function of the magnet
height and opening angle. The resulting design shows satisfactory performance on torque
ripple minimization, but the magnet shape is quite complicated and the average torque is
decreased as well. A computationally efficient finite element method is proposed in [37]
to calculate the cogging torque of the PM machine with different magnet shapes in the
radial direction. Thanks to the ease of computation by using the proposed approach, a GA
is employed in the study to optimize the magnet shape in the radial direction for cogging
torque minimization.
An analytical model is proposed in [38] to calculate the cogging torque of a segmented
pole PM machine. Then, a particle swarm optimization technique is applied to find the
optimal widths and displacement of the magnet segments for torque ripple minimization.
In [39], a magnet segmentation concept is adopted, but this investigation focuses on the
machine pole design with hybrid magnets for torque ripple minimization as well as cost
reduction. A hybrid magnet design with the NdFeB in the center and ferrite magnets on
both sides is proposed to make the flux density approach a sinusoidal distribution.
Skewing is also employed in the machine design to achieve near ideal flux distribution.
This rotor design technique with hybrid magnets is also investigated in [40] using an
analytical model that can predict the magnetic field, back electromotive force (backEMF) and electromagnetic torque. To further reduce the torque ripple, variables of the
middle magnet arc to pole-pitch ratio, side magnet arc to pole-pitch ratio, and side to
middle magnet remanence ratio are investigated as well.
An axial magnet pole pairing method is proposed in [41] for torque ripple suppression in
an outer rotor PM machine for direct-drive EV applications. To select proper magnet
pole-arc width pairs and the magnet axial length, a cogging torque model is derived by
taking one machine as several different-axial-length machines. The cogging torque of the
prototyped PM machine is reduced to a great extent by using the proposed technique.
A novel torque ripple minimization method adopting asymmetric barrier design and
inverting laminations is proposed in [42]. The presented method is quite promising, while
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it reduces the torque ripple and increases the average torque at the same time. It is also
concluded that this approach is less complex in terms of manufacturing.
However, it is found in [43] that the machine loading condition has great influence on the
cogging torque and back-EMF waveforms. Therefore, the effectiveness of different rotor
design techniques for torque ripple minimization should be evaluated under loading
conditions as well. Specifically, PM machines with rotor skewing are examined in this
investigation, and it is reported that the machines should be skewed by one actual
cogging torque period to effectively eliminate the torque ripple.
Research work has also been done to reduce torque ripple by modifying the stator design.
The main objective is to make the magneto motive force (MMF) produced by the stator
current excitation near sinusoidal. To this end, some of the rotor design techniques may
also be employed together with the proposed stator design for a combined torque ripple
minimization. In distributed winding machines, making a near sinusoidal MMF
distribution is usually easier, but in concentrated winding machines, much more effort is
required. Torque ripple induced by the asymmetric local saturation as well as cogging
torque in tooth-coil winding (TCW) PM machines have been investigated in [44]. The
authors propose a machine geometry optimization technique by using unequal stator teeth
width to eliminate the 6th torque harmonic. Magnet skewing is employed in the rotor
design to reduce the higher torque harmonic orders. The adjacent stator teeth widths are
optimized in [45] to further improve this stator design technique for the TCW PM
machine. It is recommended as a feasible approach in design for other machine types to
address the magnetic asymmetries introduced by local saturation. The authors concluded
that the proposed unequal stator teeth width method is only optimized for a specific
loading condition. Therefore, the most frequent operating condition should be considered
during the design.
It is reported in [46] that the slot number and pole number combination of a PM machine
has significant influence on the cogging torque and torque ripple. Using fractional slot
winding in PM machine design can achieve lower cogging torque and torque ripple. The
step-skewing technique is also evaluated in this study and it was found that using stepskewed magnet reduces the average torque but does not necessarily reduce torque ripple.
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To suppress torque ripple by modifying the machine design could cause significant
manufacturing difficulties because the machine structure is usually more complicated by
using techniques such as skewing and different magnet shapes. Moreover, the
manufacturing tolerance should never be ignored. In [47] and [48], the manufacturing
variations and tolerances are taken into account to make the PM machine design more
robust in terms of torque ripple minimization. As indicated in both studies, the
manufacturing tolerance and assembly process variation could have significant effects on
torque ripple as well. So, defining proper tolerances for the manufacturing processes are
necessary to ensure a low torque ripple in PM machines.
1.2.2 Machine Control Techniques for Torque Ripple Reduction
Although many design approaches are proposed for torque ripple minimization, control
strategies are preferred in recent years. This is because the machine design based
approach is limited in terms of cost and manufacturing complexity, while the machine
control based approach can be implemented in most electric machine drive systems
without much effort. In addition to this, for some applications, the requirement for torque
ripple is different under a range of operating conditions, and thus torque ripple
minimization for such cases can only be achieved through control strategies [31].
Extensive research has been conducted to model and minimize the torque ripple of PM
machines [49]-[60]. The key to these studies is to determine an optimal stator current
including appropriate harmonic components to reduce the torque ripples. The machine
control approaches can be further divided into two categories, the feed-forward
compensation and the feedback control techniques.
Torque ripple minimization through feedforward compensation requires an accurate
torque ripple model to design the stator currents. To model the torque ripple accurately, a
lumped parameter PM machine circuit model is proposed in [49] by incorporating
different torque ripple sources in the conventional dq-axis equivalent circuit model. The
effect of each torque ripple source is identified and modeled as a voltage source in the dqaxis equivalent circuits. The proposed model enriches the conventional dq-axis model of
a PM machine by including torque ripple and it helps to better understand the torque
ripple component.
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In [50], optimal currents are designed to minimize the torque ripple of a SPM machine
based on the normalized EMF coefficients and cogging torque obtained through offline
tests. Minimization of both the rms current and torque ripple is considered by using the
Lagrange multiplier to optimally design the stator currents. The torque model is first
expressed under multiple reference frames (MRF) in [51] with consideration of the flux
harmonics and cogging torque. With MRF, the harmonic current magnitude can be
controlled by using PI controllers to achieve low torque ripple by following the optimal
current command obtained from the Lagrange optimization technique. An adaptive notch
filter is also explored to estimate the fundamental current frequency and extracting the
current harmonic components with reduced computational time. Geometrical
representation of the optimal current vectors is proposed in [52]. In such a way, the
optimal currents can be obtained through geometry relations instead of the Lagrange
optimization. In addition, an artificial neural network (ANN) approach is employed to
improve the torque ripple minimization performance. The demagnetization effect of a PM
machine during torque ripple minimization is considered in [53]. In this study, the
magnet flux magnitude is estimated online through an extended Kalman filter, such that
the torque ripple model can be updated under different operating conditions. The
compensation currents are then calculated with higher accuracy for more effective torque
ripple reduction.
As demonstrated in these existing torque ripple minimization studies, the stator currents
are optimally designed based on the estimated torque ripple. But this only produces
reference stator currents for torque ripple minimization. Tracking these reference currents
precisely is also important for torque ripple minimization. The repetitive current control
strategy is proposed in [54] to improve the q-axis current control, which has been
modified to suppress torque ripple.
The feedback control approach relies on accurate torque estimation/measurement for
feedback current control to suppress torque ripple. The most direct measurement of
torque is obtained by using a torque transducer. Proper procedures including calibration
should be followed to ensure the accuracy of the measurements [55]. An iterative
learning based torque ripple minimization technique is proposed in [56] employing the
torque transducer output as the feedback control signal. It shows good performance in
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torque ripple minimization during steady state operation of the test machine. However,
torque transducers are usually too expensive to be used in regular PM machine drives.
Thus, the torque ripple of a PM machine is more feasibly obtained by using a torque
estimator/observer.
In [57], an analytical model for calculating the instantaneous torque is proposed in an
effort to design the excitation currents for torque ripple minimization. The torque
calculated by using the proposed model is in good agreement with the FEA result. So the
proposed torque ripple model can be employed to estimate the instantaneous torque as the
feedback control signal for precise torque ripple suppression. However, the authors
propose to simplify the proposed model by ignoring the reluctance torque to design the
feed-forward compensation currents for torque ripple minimization. This is because the
comprehensive model contains derivative terms, which could bring instability into the
drive system. The torque feedback control based on the comprehensive model is
recommended to work in combination with the feed-forward compensation for finetuning the stator currents to achieve better performance in torque ripple minimization.
In [58] and [59], the use of a piezoeletric polymer sensor is explored for torque ripple
measurement. This kind of sensor can be installed on the motor base to measure the
torque ripple induced vibration. The measured vibration signal can be used for torque
feedback control. The speed sensor information is also explored for torque ripple
minimization. Some research focuses on using speed errors for torque ripple
minimization, because speed ripples are induced by torque ripples [60], [61].
The torque ripple caused by unbalanced winding resistance is also investigated in [62].
Although the torque ripple is from a different source, it also relies on stator current
control. Unbalanced stator winding resistances cause unbalanced phase currents and
result in high torque ripple. It is proposed that the stator resistance can be estimated
online to address the unbalance effect for torque ripple minimization.
The aforementioned torque ripple minimization is to minimize the torque ripple due to
non-ideal machine design. These techniques are mostly developed based on conventional
vector control. In some recent research, direct torque control (DTC) techniques are
employed for PM machine control. Many different approaches are also proposed for
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torque ripple reduction [63]-[71]. For example, a new DTC method is proposed in [63] to
reduce the torque and flux ripples through a voltage vector with an optimal phase angle.
In [65], the authors explore the option of using a matrix converter for the DTC strategy
with duty cycle optimization for PM machine drive systems. A torque ripple reduction of
30% is reported. However, these methods are more about improving the DTC control
strategy itself. They are different from the work that has been done in this thesis.
There are many other factors that should be compensated during torque ripple
minimization. For example, the torque model is extended to include position offsets in
[16]. The authors study the torque ripple due to position offset and compensate this effect
based on a polynomial approximation technique. In addition, the current sensor error
should also be considered during torque ripple minimization.
From the above review, a considerable amount of research has been done for torque
ripple modeling and minimization in the literature. But in these existing studies, the
torque ripple model does not consider the harmonic currents induced by the inverter nonlinearity [72]-[78]. Moreover, the torque ripple models mostly rely on machine
parameters, which vary widely during machine operation. For example, temperature
increase in the machine during operation can cause the magnet flux to reduce from its
nominal value [79]-[84]. Also, different loading conditions bring different levels of
magnetic saturation in the machine, which will cause the inductance to change [11], [85][92]. During torque ripple minimization, existing methods mostly consider only
optimizing the magnitude of the stator currents. So far, the harmonic current phase angle
has not been considered in the optimization. In this investigation, it is shown that, by
considering the harmonic current phase angle in the optimization, the magnitude of the
harmonic current required for minimizing the torque ripple can be reduced significantly.
1.3 Research Objective
The smoothness of the PM machine’s output torque is an important performance index,
which is required in many applications, such as in direct-drive EVs. Therefore, this thesis
aims to address the torque ripple problem for PM machines. This overall objective is
divided into the following sub-objectives.
1) Understand the principle, sources and frequency components of the torque ripple
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produced by a PM machine through theoretical study, numerical simulations, FEA
and experimental tests.
2) Model the torque ripple comprehensively by including multiple sources that can
cause torque ripple during PM machine operation.
3) Validate the proposed torque ripple model through experimental tests under various
conditions. This is to understand the sensitivities of the proposed model during the
entire operating range, such as machine parameter variations.
4) Propose torque ripple minimization solutions based on the proposed model and
implement them in PM machine control.
5) Analyze the performance of the proposed torque ripple minimization approaches
through simulation and experimental investigation.
6) Explore novel model-free torque ripple minimization methods that can be extended
to other PM machines.
1.4 Research Contributions
This thesis proposes novel and advanced torque ripple modeling and minimization
techniques. Major contributions are listed as follows:
1) A comprehensive torque ripple model for PM machines is proposed by including the
torque ripple resulting from the cogging torque, spatial harmonics in the permanent
magnet flux and the time harmonics in the stator current induced by the non-linearity
of the machine and the drive. It is found that the interaction of magnet flux harmonics
and current harmonics can generate torque ripple as well as a small average torque
component.
2) A novel genetic algorithm (GA) based torque ripple minimization approach is
proposed, which determines the optimum harmonic currents to achieve minimum
torque ripple. The proposed GA based optimization includes two other objectives of
minimizing the harmonic current magnitude and maximizing the average torque
component produced by the injected harmonic currents.
3) Improved torque ripple modeling and minimization is achieved by considering the
temperature variation. Firstly, a novel linear model is proposed to derive the
relationship between the magnet flux DC and harmonic components based on
14

extensive experimental investigations. Then, by estimating only the magnet flux DC
component online, both the DC and harmonic magnet flux components are updated in
the torque ripple model. With such a torque ripple model, a novel adaptive current
optimization approach is proposed to adaptively update the stator currents with
respect to the variation of magnet temperature.
4) A novel torque ripple model considering magnetic saturation is proposed, in which
the inductance term is replaced by an inductance model formulated using the
measurable electrical quantities. In this way, the proposed torque ripple model does
not include the inductance term, and thus it is not influenced by the magnetic
saturation. With such a model, the stator harmonic currents can be adaptively
designed under different loading conditions to produce smooth torque.
5) An analytical solution of optimal stator current for torque ripple minimization is
derived from the proposed torque ripple model, in which the magnetic saturation is
considered as well. The optimal stator current is computed from the proposed
analytical expression, so it is computationally efficient and does not involve iterative
computation. Therefore, the proposed approach is able to minimize the torque ripple
when the machine is operating under both transient state and steady state. Magnetic
saturation is considered by modeling the inductance with respect to the stator current
under maximum torque per ampere (MTPA) control, which is derived from extensive
experimental investigations.
6) Investigations on how the machine parameter variations influence the performance of
optimal stator current design for PM machine torque ripple minimization are also
conducted. Influences from the variations of the magnet flux inductances are
quantified and inaccurate cogging torque measurement is also considered. The results
show that the influence of parameter variations on torque ripple is significant,
especially when both the magnet flux and inductances are varying. Thus, machine
parameter variation should be considered in the optimal stator current design in order
to improve the performance of torque ripple minimization.
7) The speed harmonic is explored as a measure of torque ripple of the same order and it
is used as the feedback control signal for closed-loop torque ripple minimization. It is
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found that the magnitude of the speed harmonic is proportional to the magnitude of
the torque harmonic of the same order. Therefore, the speed harmonic can be used as
the feedback control signal to minimize the torque harmonic of the same order. Then,
a novel fuzzy logic based controller is proposed to minimize the torque harmonic by
using the measured speed harmonic as the feedback control signal.
1.5 Dissertation Layout
Chapter 2 presents the comprehensive torque ripple modeling derived from the magnetic
co-energy machine model. The sources of torque ripple are investigated and
demonstrated through a laboratory IPM machine. In addition, machine parameters that
could vary during machine operation are also investigated and the proposed torque ripple
model is improved by incorporating the magnet flux variation due to temperature change
and inductance variation due to magnetic saturation.
Chapter 3 proposes the feed-forward based torque ripple minimization techniques. The
genetic algorithm is proposed at first to optimally design the stator harmonic currents
including the harmonic current magnitude and the phase angle to minimize the torque
ripple estimated from the proposed torque ripple model. Then, a computationally efficient
analytical solution is proposed to calculate the optimal stator harmonic current.
Chapter 4 discusses the influence of machine parameter variation on PM machine torque
ripple minimization. The relation between the parameter variation and torque ripple
minimization is mathematically modeled. Then, numerical and experimental studies are
conducted on an IPM machine, which demonstrate that the accuracy of the machine
parameter influences the torque ripple minimization performance significantly.
Chapter 5 proposes a fuzzy logic based closed-loop torque ripple minimization method
by using the speed harmonic magnitude as a measure of the torque harmonic magnitude.
With the feedback control signal, the torque ripple can be minimized without requiring an
accurate torque ripple model and machine parameters.
Chapter 6 summarizes the work in this thesis investigation. The limitations of the
proposed methods are also discussed and possible solutions are outlined.
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CHAPTER 2
COMPREHENSIVE TORQUE RIPPLE MODELING
2.1 Introduction
Torque ripple is a part of the total torque produced by a permanent magnet (PM)
machine, which consists of the PM torque, the reluctance torque and the cogging torque.
In this study, an analytical torque ripple model for the PM machine is proposed based on
the magnetic co-energy model. The proposed model includes the torque ripple resulting
from the magnet flux harmonics, the current harmonics, as well as the cogging torque.
During the study, it is found that the interaction of magnet flux harmonic and current
harmonic can generate torque ripple as well as a small average torque component. In
addition, because the torque ripple model is highly dependent on the machine parameters,
the variation of the machine parameters has been considered for a comprehensive torque
ripple modeling.
To clarify the torque ripple issue of the interior PM (IPM) machine used in this
investigation, the ratings and important parameters are listed in Table 2-1. The measured
shaft torque of the machine is presented in Figure 2-1, while the three-phase currents are
presented in Figure 2-2. The torque measurement is taken by using a torque transducer
that is installed between the dyno motor and the test PM machine, as shown in the
experimental test setup in Figure 2-3. The torque transducer can be used to measure a
shaft torque of up to 100 Nm with an accuracy of 0.2%. The bandwidth of the torque
transducer is 3 kHz. Specifically, the test machine was under current control with a fieldoriented control (FOC) drive that consists of an Opal-rt real-time controller and an IGBT
based Inverter. The basics of the PM machine modeling are presented in the Appendix A.
During the test, the PM machine was controlled to operate with a peak stator current of
15.5 A and a current angle of 30° to deliver the maximum amount of torque, where
current angle denotes the angle between d- and q-axes current vectors. The dyno motor
was programmed to run at a constant speed of 100 RPM. It can be seen from Figure 2-1
that the measured shaft torque contains a peak-to-peak torque ripple of about 25 Nm, and
it possesses dominant 6th and 12th harmonics. The torque ripple presented in the shaft
torque is mostly contributed by the PM machine, because the induction dyno motor
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produces smooth output torque during operation, which has been verified before
conducting the proposed test here. Thus, the torque produced by a PM machine is not just
the DC component as calculated by the simple torque equation as in [18] and [93].
TABLE 2-1. THE PARAMETERS OF THE IPM MACHINE OBTAINED FROM FEA

Rated Current 15 A

Winding Resistance 1 Ω

Rated Speed 575 RPM

Magnet Flux 0.67 Wb

Maximum Speed 5,100 RPM

d-axis Inductance 30.4 mH

Rated Voltage 275 V

q-axis Inductance 87.5 mH

Rated Torque 70 Nm

Leakage Inductance 5.5 mH

Rated Power 4.25 kW

Number of Pole Pairs 4

Stator Bore Diameter 135 mm
Air-Gap Length 0.5 mm

Number of Slots 48
Number of Turns per Phase 224

Stack Length 136 mm

Magnet NdFeB35

Figure 2-1. Measured shaft torque of the IPM machine at 100 RPM operation. (a) Torque waveform. (b)
Dominant torque components obtained from FFT.
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Fiigure 2-2. The measured threee-phase curren
nts of the IPM m
machine at 1000 RPM.

Fiigure 2-3. Torq
que measuremeent setup for teesting the propoosed torque rippple minimizattion approach.

2..2 Generalizzed Torque Ripple
R
Modeeling
The
T total torq
que produced by a PM machine
m
cann be denotedd as in (2.1), a summation of
th
he current dependent
d
co
omponent an
nd the coggging torque, which doess not rely on the
machine
m
stato
or current.

ttotal  te  tccog
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(2.1)

where ttotal is the total torque produced by a PM machine, te is the torque produced by the
interaction of the stator currents and air-gap flux, and tcog is the cogging torque.
According to the magnetic co-energy model, te can be calculated as (2.2) [57], [94].

 1 T dLs
T d  abc 
te  N P  iabc
iabc  iabc

d
d 
2

(2.2)

where iabc=[ia ib ic]T is the three phase stator current vector, Ls is the inductance matrix,
which has been defined in Appendix A, λabc=[λa λb λc]T is the magnet flux linkage vector,
θ is the electrical rotor position, and NP is the number of PM machine pole pairs.
Applying the dq-axis transformation to (2.2), which has been presented in Appendix B,
the torque equation (2.3) is obtained.
d  dq 
T

T
te  K p   Ldq idq   dq   idq  idq

d 


(2.3)

where Kp=3NP/2, Ldq=diag{Ld, Lq} is the dq-axis inductance matrix, λdq=[λd λq]T and
idq=[id iq]T are the dq-axis flux linkage vector and current vector, and ‘  ’ is cross product
defined as:

 a b   c d 

T

 ad  bc .

(2.4)

Then, a generalized torque model for the PM machine is derived by substituting (2.3) into
(2.1).

d  dq 
T

T
ttotal  K P   Ldqidq   dq   idq  idq
  tcog
d 


(2.5)

Both the magnet flux linkage and stator currents contain harmonics, so λdq and idq are
expressed as the summations of their DC and harmonic components as in (2.6).

 dq   dq 0   dqh ,

idq  I dq 0  idqh

(2.6)

where dq0 and λdqh are the dq-axis magnet flux DC and harmonic components; Idq0 and
idqh are the dq-axis current DC and harmonic components, respectively. The subscript ‘0’
and ‘h’ indicate the DC and the harmonic components, respectively, which holds
throughout this thesis. The lower case letters represent the variables that are a function of
time or rotor position, and the uppercase letters represent the magnitudes of a variable or
a constant, which holds throughout this thesis as well.
Substituting (2.6) into (2.5), (2.7) can be obtained.
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T
T dλ dqh 
ttotal  K p  Ldq I dq0  Ldqidqh  Λdq0  λdqh    Idq0  idqh    I dq0  idqh 
  tcog (2.7)
d 

From (2.7), the torque ripples are mainly caused by magnet flux harmonics, current
harmonics and the cogging torque, if the spatial harmonics of the inductances are ignored.
To categorize different torque components, (2.7) can be rewritten as (2.8), where
different torque components are detailed as in (2.9), including the first torque component,
Te0, produced by the interaction of the dq-axis magnet flux and current DC components;
the second torque component, te1, is a summation of the harmonic torques produced by
the interaction of the dq-axis magnet flux DC component and harmonic currents and the
interaction of harmonic flux and DC current component; and the third torque component,
te2, produced by the interaction of harmonic flux and harmonic currents.
ttotal  K p Te 0  te1  te 2   tcog

(2.8)

Te 0  ( Ldq I dq 0   dq 0 )T  I dq 0
T
te1  ( Ldq I dq 0   dq 0 )T  idqh  ( Ldqidqh   dqh )T  I dq 0  I dq
0
T
te 2  ( Ldqidqh   dqh )T  idqh  idqh

d  dqh
d

(2.9)

d  dqh
d

The DC components of the magnet flux and currents in the dq rotating reference frame
can be represented as:

  dq 0    0 0 T


T
 I dq 0   I d 0 I q 0 

(2.10)

where 0 is the d-axis average magnet flux, and Id0 and Iq0 are the DC components of dqaxis currents. According to [4], the magnet flux linkage harmonics can be denoted as:
 dqh

  dk cos  k   k 
 dh   
k
 
 qh     qk sin  k   k 
 k






(2.11)

where dk and qk are the magnitudes of the dq-axis kth flux harmonic components, and
ϕλk is their phase angle. Here, k can take values from 6, 12, 18, 24, …. Similarly, the dqaxis current harmonics can be written as:
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idqh

 I dk cos  k   idk  
idh   

k
 

i
 qh    I qk sin  k   iqk  
 k


(2.12)

where Idk and Iqk are the magnitudes of the dq-axis kth current harmonic components, and
ϕidk and ϕiqk are the phase angles of the kth current harmonics in dq-axis. Here the current
harmonics are mainly caused by the machine drive. For instances, the nonlinearity of
voltage source inverter (VSI) could cause 6th current harmonics in the dq-axis.
According to [50], the cogging torque equation is:
tcog   Tck sin(k   ck )

(2.13)

k

where Tck and ϕck are the magnitude and the phase angle of the kth cogging torque
harmonic. Here, k can take values from 6, 12, 18, 24,…, for PM machines with integer
number of slots per pole per phase.
Substituting (2.10)-(2.13) into (2.8), the total torque produced by a PM machine can be
written as (2.14).

ttotal  T0  th

(2.14)

The DC torque component, T0, and harmonic torque component, th, are expressed as
(2.15) and (2.16), respectively, with detailed parameters in (2.17). A step by step
derivation of the torque ripple model is presented in Appendix B.
T0  K p   0 I q 0  L I d 0 I q 0 
    dk , k sin  idk  k    qk , k sin  k  iqk   k , k sin  idk  iqk  

(2.15)

k

th  K p te1  K p te 2  tcog
   qk sin  k   iqk     dk cos  k   idk 
k

k

  K P  I q 0 Ak cos  k   k   I d 0 Bk sin  k   k  
k


   




    qk ,l sin  k  l    k  iql    dk ,l sin  k  l    k  idl 
k

k l

l

l

dk ,l

sin  k  l    k  idl    qk ,l sin  k  l    k  iql

   k ,l sin  k  l    idk  iql     k ,l sin  k  l    idk  iql 
k

k l

l

  Tck sin  k   ck 
k
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l

(2.16)

 L  Ld  Lq

 qk  1.5 N p  L I d 0   0  I qk
  1.5 N L I I
p  q 0 dk
 dk
 Ak   dk  k  qk

 Bk   qk  k  dk
   0.75 N A I ( 
p k ql
qk , k is when k  l )
 qk ,l
  dk ,l  0.75 N p Bk I dl (  dk ,k is when k  l )

k ,l  0.75 N p L I dk I ql (k ,k is when k  l )

(2.17)

where Ld and Lq are the dq-axis inductances. It can be seen from (2.15) that the
interactions of the magnet flux linkage harmonics and current harmonics produce average
torque components. (2.16) presents a general expression of the total torque ripple
produced by a PM machine. To simply the model, the torque components with the term
ηkl are negligible since it is much smaller than the other terms in (2.17).
2.3 Torque Ripple Modeling Considering Magnet Temperature Variation

In the proposed torque ripple model presented in (2.16), machine parameters are
important in obtaining accurate torque ripple prediction. However, during machine
operation, most of the machine parameters vary due to temperature change and magnetic
saturation. Therefore, this section presents the torque ripple modeling with consideration
of magnet temperature variation. To demonstrate the influence of the temperature
variation on the output torque of a PM machine, the IPM machine was operated under the
rated current for a few hours to increase the magnet temperature. During the test, the
machine winding temperature was measured by using the thermocouples installed in the
stator windings while the magnet temperature was monitored by using a thermal imager
as demonstrated in Figure 2-4. In addition, the torque measurement was recorded during
the test. The torque waveforms are presented in Figure 2-5, which were measured at three
different magnet temperatures of 25℃, 45℃ and 65℃, respectively. It is clear that with
the increase of the PM temperature, the torque produced by the IPM machine decreased.
To demonstrate more clearly, different torque components were extracted using FFT and
listed in Figure 2-6 for comparison. As the temperature increased, both the average
torque and torque ripple components decreased.
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Fiigure 2-6. The dominant torq
que components at 25℃, 45℃
℃ and 65℃.
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The above finding infers that the magnet temperature variation should be taken into
account in the torque ripple modeling. The magnet flux DC and harmonic components
are the parameters varying with magnet temperature in the torque ripple model. Therefore,
this section analyzes the magnet flux components through back-EMF tests at different
magnet temperatures at first. Then, a magnet flux model is proposed. With the magnet
flux temperature model, the magnet flux magnitudes can be updated online when the
temperature changes. Therefore, by using this magnet flux model in the proposed torque
ripple model, the magnet temperature variation effects are included.
2.3.1 Magnet Flux Analysis under Different Magnet Temperatures
The magnet flux is temperature dependent, and it decreases as the magnet temperature
increases. In order to investigate the magnet flux variations, back-EMF tests are
conducted on the test PM machine under different magnet temperatures. The back-EMF
test at room temperature of about 25℃ is conducted at first and the test result is presented
in Figure 2-7. Then, the test PM machine is operated under the rated current condition for
a few hours to increase the temperature. Afterwards, a number of back-EMF tests are
conducted using the dyno motor as the prime mover to rotate the PM machine, while the
temperature is monitored and recorded.
The magnet flux in the abc- axis including the fundamental and harmonic components
can be represented as:
 a    abc ,k cos(k )

k

 abc ,k cos  k    2 3 
 b  
k

 c    abc ,k cos  k    2 3 

k

(2.18)

where λa, λb and λc are the abc-axis magnet flux including the fundamental and harmonic
components; Λabc,k is the magnitude of the kth magnet flux in abc-axis, k is the harmonic
order which can take values from {1, 3, 5, 7, 9…}. For k=1, it is the magnet flux
fundamental component.
The permanent magnet flux of a PM machine in the abc-axis can be calculated from the
open-circuit voltages that are obtained from the back-EMF tests. The equation for the
magnet flux magnitude calculation is presented in (2.19).
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(a)

(b)
Fiigure 2-7. The back-EMF tesst results at 25℃. (a) Three-pphase voltage waveforms in CH1-CH3 andd rotor
mechanical
m
posiition indicated in CH4. (b) Haarmonic compoonents of one pphase voltage.

 abc,k 

U abcc,k
k 0

((2.19)

where
w
Uabc,k is the magn
nitude of th
he kth voltagge harmonicc in abc-axiis, and Ω0 iis the
av
verage electrrical rotor sp
peed.
Applying
A
the Park transfformation to (2.18), the magnet fluxx in the dq rrotating referrence
frrame can be obtained as in (2.20).
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 d  0     abc ,k 1   abc ,k 1  cos(k )

k

 q     abc ,k 1   abc ,k 1  sin(k )
k


(2.20)

To simplify the conversion, the required magnet flux parameters in the torque ripple
model are calculated as in (2.21).
  0   abc ,1

  dk   abc ,k 1   abc ,k 1

  qk   abc ,k 1   abc ,k 1
  0
 k

(2.21)

For instance, from Figure 2-7(b), the rms value of the fundamental voltage is 115.9 V.
According to (2.19), the calculated magnet flux DC component is 0.65 Wb. Similarly, the
harmonic components can be computed. It can be seen that the 3rd, 9th, 11th and 13th
harmonics are dominant in the open-circuit phase voltage, so, the magnet flux in abc-axis
has the same dominant harmonic components as well. After the Park transformation, the
magnet flux in dq-axis has a dominant 12th harmonic component. It should be noted that
the harmonic orders of 3, 9, 27, ..., an integer power of 3, in the abc-axis are eliminated
after they are converted to the dq-axis, and they do not contribute to the torque
harmonics. Figure 2-8 presents the fundamental and harmonic components of the magnet
flux in the abc-axis at different magnet temperatures from 25℃ to 65℃. Although the 5th
and 7th harmonics are quite small, they contribute to the torque ripple, so they are
presented in the figure instead of the 9th harmonic. It is clear that all these magnet flux
components decrease approximately linearly with the increase of magnet temperature.
2.3.2 Magnet Flux Temperature Model
The magnet flux harmonic is the major source of the torque ripple. Since the magnet flux
is temperature-dependent [74], [80], [96], [97], the torque ripple is also temperaturedependent, as demonstrated in Figure 2-5 and Figure 2-6. To consider the magnet
temperature in the torque ripple model, a magnet flux temperature model is formulated in
this subsection. When magnet temperature is considered, the magnet flux DC and
harmonic components are modeled as:
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Figure 2-8. The magnetic flux components obtained from back-EMF tests at different magnet temperatures.
(a) Fundamental. (b) 3rd harmonic. (c) 5th harmonic. (d) 7th harmonic. (e) 11th harmonic. (f) 13th harmonic.

 dq ,   dq 0,     dqk , 
k

   cos  k   k  
  0,    k dk ,
,



 0     qk ,  sin  k   k  
 k


(2.22)

where the subscript ‘τ’ denotes the magnet temperature, which holds throughout this
thesis; Λ0,τ is the DC component of the d-axis magnet flux when the magnet temperature
is τ; and Λdk,τ and Λqk,τ are the magnitudes of the dq-axis kth magnet flux harmonics when
magnet temperature is τ.
Based on the test results presented in Figure 2-8, a linear model (2.23) is proposed to
model the relationship between the magnet flux and temperature. Note that after applying
28

a Park transformation, the magnet flux components in the dq-axis will have a similar
temperature dependency as they do in the abc-axis.
 0,  1     0   0   0,
0

 dk ,  1     0   dk   dk ,0

 qk ,  1  (  0 ) qk   qk ,0

(2.23)

where α0, αqk and αqk are the magnet flux thermal coefficients, τ0 denotes the initial
temperature and τ is the current temperature. The thermal coefficients are machine
dependent, and they can be calculated from off-line test data. For instance, a least squares
based method can be applied to estimate the thermal coefficients from the data presented
in Figure 2-8.
Based on (2.23), the linear magnet flux model (2.24) is obtained, which models the
relationship between the magnet flux DC and harmonic components.




  dk ,   dk ,   dk  0,   0,
0
0


  qk ,   qk ,0   qk  0,   0,0




(2.24)

where

dk 

dk dk ,0
0 0,0

, qk 

qk qk ,0
0 0,0

(2.25)

The linear magnet flux model (2.24) is very useful because it provides a way to estimate
the magnet flux harmonic component from the magnet flux DC component, in which the
magnet temperature information is not required. Specifically, after the temperature
increases, the magnet flux DC component can be estimated from the machine electrical
equations. The magnet flux harmonic components can then be estimated by using this
linear flux model.
Based on (2.22) and (2.24), the magnet flux model considering magnet temperature
variation can be denoted as

 dq ,







   
cos(k   k ) 
dk , 0   dk  0,    0, 0
 0, k



   qk ,0   qk  0,   0,0 sin(k   k ) 
k


  dq ,0  ( 0,   0,0 )
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(2.26)


  dk cos(k   k )  
 1   k

     

 0    qk sin(k   k )  
 k



where

(2.27)

It can be seen from (2.26) that when the magnet temperature increases from τ0 to τ, the
magnet flux λdq,τ can be estimated from λdq,τ0 and the DC component Λ0,τ, while Λ0,τ can
be estimated using online estimation approaches. Therefore, after the temperature
increases, we are able to estimate the magnet flux without the magnet temperature
information.
2.3.3 Torque Ripple Model Considering Magnet Temperature Variation
In order to model the torque ripple by considering temperature, the proposed generalized
torque model in (2.5) is rewritten as (2.28) to include the temperature variation.

d  dq, 
T

T
ttotal ,  K P   Ldqidq   dq ,   idq  idq
  tcog
d 


(2.28)

where ttotal,τ is the torque produced by a PM machine when the magnet temperature is τ,
and λdq,τ is the dq-axis magnet flux when the magnet temperature is τ.
Substituting (2.26) into (2.28) yields the torque model (2.29) that considers the magnet
temperature variation.



T
ttotal ,   K P ( Ldq idq   dq ,0  (  0,   0,0 )  )T  idq  idq

 ttotal ,0

d  dq ,0  (  0,   0,0 ) d 
d


T d 
 K P (  0,    0,0 )   T  idq  idq

d 


 tcog

(2.29)

The detailed expression of the generalized torque model including the DC components
and the ripple components has been presented in the previous subsection. In this
subsection, the torque model considering magnet temperature induced magnet flux
variation is written, based on the component that is presented previously in (2.15) and
(2.16), which are summed to be ttotal,0. Also, the DC and the harmonic component
expressions of the dq-axis currents are combined and rewritten as:

 I d 0   I dk cos(k   ik ) 


k
idq  
I qk sin(k   ik ) 
 I q 0  
k
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(2.30)

Substituting (2.26) and (2.30) into (2.29), the torque ripple model considering magnet
temperature variation is denoted as:
ttotal ,  ttotal ,0  te,  

(2.31)

with

te ,   K P (  0,   0,0 )  I q 0   I q 0Ck cos(k   k )
k


  I qk sin( k   ik )   I d 0 Dk sin( k   k ) 
k
k


(2.32)

where the coefficients Ck and Dk are given in (2.33).
Ck   dk  k  qk

 Dk   qk  k  dk

(2.33)

In the updated torque ripple model (2.31), only Λ0,τ is temperature-dependent and it is
required to be estimated. Online magnet flux estimation has been extensively investigated
in the literature. Therefore, the proposed torque ripple model (2.31) is able to provide
accurate torque ripple estimation under varying magnet temperatures by employing an
online magnet flux estimation approach.
2.4 Torque Ripple Modeling Considering Magnetic Saturation

In the proposed torque ripple model, the dq-axis inductances are also included. As
presented in the previous studies [85]-[92], the inductances change in a large scale during
the machine operation due to magnetic saturation. For instance, the inductance value
L=( Ld-Lq) of the IPM machine under investigation, can vary more than 40% from a load
percentage of 40% to 100%, as presented in Figure 2-9. The inductance L is an
important parameter in the torque model in (2.14)-(2.16). Therefore, the variation of the
inductance during machine operation has to be considered in the torque ripple modeling.
In this section, the inductance L is modeled in such a way that it can be updated online
by using the real-time measurements in the machine drive. A step-by-step inductance
modeling is presented at first and the proposed inductance model is incorporated in the
torque ripple model to include the inductance variation due to magnetic saturation.
The steady-state PM machine voltage equations as in (2.34) are explored in this study for
deriving the inductance model.
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Figure 2-9. Inductance values of the test PM machine at different loading conditions under MTPA control.

ud  Rid    Lq iq   q 

uq  Riq    Ld id   d 

(2.34)

where ud and uq are the dq-axis voltages, id and iq are the dq-axis currents, Ld and Lq are
the dq-axis inductances, R is the winding resistance, and ω is the electrical rotor speed.
Based on (2.34), (2.35) is obtained by multiplying these voltages with the dq-axis
currents, and (2.36) can be derived from (2.35).
ud id  Rid2    Lq iq   q  id

2
uq iq  Riq    Ld id   d  iq





ud id  uqiq  R id2  iq2     d iq   qid  Liqid 

(2.35)
(2.36)

In order to eliminate the influence of the measurement noise, the DC component of each
variable can be employed [96], and thus (2.36) is updated as (2.37).





U d 0 I d 0  U q 0 I q 0  R I d2 0  I q20   0   0 I q 0  L I d 0 I q 0 

(2.37)

where Ud0 is the average value of ud, and this is similar for the others. The interior PM
machines are mostly under MTPA control, so Id0 is not zero and (2.38) can be derived
from (2.37) for inductance estimation, with  detailed in (2.39).

L      0  0 I q 0  /  0 I d 0 I q 0
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(2.38)



  U d 0 I d 0  U q 0 I q 0  R I d2 0  I q20



(2.39)

In order to further improve the performance of torque ripple modeling, the temperature
effect should be considered to make sure the inductance model in (2.38) is accurate.
Therefore, the winding resistance in (2.39) should be rewritten as (2.40) to include the
stator winding temperature effect.

R  R0 1  cu Temp  Temp 0  

(2.40)

where R0 is the winding resistance at temperature Temp0 (e.g. room temperature) and Temp
is the actual winding temperature, αcu is the copper thermal resistive coefficient and it is a
constant. Here, the winding temperature is obtained from the thermal detectors installed
in the stator windings. Moreover, the VSI nonlinearity is also considered by using the
method presented in [96].
Substituting (2.38) into (2.17), the inductance L in coefficients qk and dk is replaced by
the proposed inductance model. The coefficients qk and dk are updated to (2.41) to
include magnetic saturation in the torque ripple model of IPM machines.



 qk  1.5 N p I qk     0  0 I q 0  /  0 I q 0   0


 dk  1.5 N p I dk     0  0 I q 0  /  0 I d 0



(2.41)

2.5 Validations of the Proposed Torque Ripple Models

As presented in [44] and [50], the torque ripple is mainly dominated by a small number
of harmonic orders in reality, such as the 6th, 12th, 18th and 24th harmonics.
For the prototyped IPM machine, on which this investigation is performed, the shaft
torque measured by using a torque transducer at full-load condition has been presented in
Figure 2-1. The cogging torque and the dq-axis magnet flux linkages are calculated from
a 2-D FEA model and presented in Figure 2-10 and Figure 2-11, respectively. The actual
dq-axis currents and their harmonic components during an experimental test are given in
Figure 2-12. It can be seen from these figures that the 6th and 12th torque harmonics are
the dominant ones; the cogging torque mainly contributes to the 12th torque harmonic; the
magnet flux linkage harmonics are dominated by the 6th and 12th harmonics; and the dq-
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Fiigure 2-12. Th
he dq-axis currrents of the prrototyped IPM
M machine wheen it was runnning at rated ccurrent
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urrent waveforrms. (b) Curren
nt harmonic coomponents.
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T0  1.5P   0 I q 0  L I d 0 I q 0  
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 q 6,122 sin  6   6  iq12    q12,6 sin  6  12  iq 6 

((2.43)
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Figure 2-13 shows the comparison of the torque waveforms obtained from the torque
transducer and the proposed model. It can be seen that the peak-to-peak value of the
torque from the sensor is 22.4 Nm, and that from the proposed model is 20.6 Nm, which
is slightly lower than the measurement. In the proposed model, only the 6th and 12th
harmonics are considered, hence the higher order torque harmonics and the measurement
noise are not included. But, the calculated result is quite close to the sensor
measurements. From this point of view, the proposed torque ripple model is accurate for
estimating the torque ripples of a PM machine. It should be noted that Figure 2-13
presents the torque measured at near room temperature, so the temperature effect can be
neglected. However, the magnetic saturation has already been taken into account. Figure
2-14 presents the comparative results by considering and neglecting the magnet
temperature. From the figure, the torque waveform simulated considering magnet
temperature follows the measured shaft torque with higher accuracy. In Figure 2-15, the
simulated torque waveforms considering and neglecting magnetic saturation are
compared. It is clear that neglecting the magnetic saturation can cause great error in the
average torque estimation, but the estimated 6th and 12th torque ripple components have
similar magnitudes because the current harmonics in the machine are small.
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Figure 2-13. The simulated torque waveform using the proposed generalized torque model against the
measured torque waveform of the protoptyped IPM machine under full load condition at 25℃.
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Figure 2-14. The simulated output torques of the IPM machine by considering and neglecting magnet
temperature, and the measured shaft torque at 65℃. (a) Waveforms. (b) Torque harmonic components.
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Figure 2-15. The simulated output torques of the IPM machine by considering and neglecting magnetic
saturation, and the measured shaft torque at 25℃. (a) Waveforms. (b) Torque harmonic components.
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2.6 Summary

In this chapter, a comprehensive torque model including both the DC and harmonic
torque components is proposed for the IPM machine. The proposed torque model can be
used to model the torque for SPM machine in a simpler form as well. The comprehensive
torque model shows that the interactions between the stator current harmonics and
magnet flux harmonics produce not only torque ripple, but also a small amount of
average torque.
Since the torque model involves machine parameters, which are changing during machine
operation, improved torque models considering machine parameter variations are also
investigated. First, the magnet temperature variation is considered in the torque model by
employing a linear magnet flux model. The proposed torque model is able to predict the
torque ripple produced by a PM machine under varying magnet temperature accurately
by employing an online magnet flux estimation approach. It should be noted that the
proposed torque model does not require information about the magnet temperature. Then,
the magnetic saturation effect is taken into account in the torque model by using an
online inductance estimation model. In this way, the proposed model estimates the torque
ripple accurately under different loading conditions. It should be noted that, without
harmonic current injection, the harmonic currents during a normal machine operation are
small, so magnetic saturation has negligible effect on the estimated torque ripples.
However, magnetic saturation could have a significant influence on torque ripple
minimization performance, which will be demonstrated in Chapter 4.
The proposed torque models are validated through both numerical and experimental
investigations on a laboratory IPM machine prototype.
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CHAPTER 3
FEED-FORWARD BASED TORQUE RIPPLE MINIMIZATION
3.1 Introduction

The key to the machine control approach for torque ripple minimization is to determine
an optimal stator current that can generate extra torque ripples to cancel the torque ripples
produced in the PM machine by using a conventional control strategy [31], [53], [98].
The machine control based torque ripple minimization approach is further divided into
the feedforward compensation approach and the feedback control approach.
The feedforward compensation approach requires an accurate torque ripple model to
determine the optimal current waveform. For instance, in [51], a Lagrange multiplier
based approach is proposed to determine the optimal harmonic current and a neural
network based self-learning approach is proposed in [52] to optimize the harmonic
current. However, these studies consider only the spatial harmonics of magnet flux but
neglect the current harmonics caused by the machine drive. For instance, the inverter can
cause 6th current harmonics in the dq rotating reference frame [73]. Moreover, the
existing studies only focus on determining the magnitude of the harmonic current while
considering the harmonic current phase angle to be constant.
This study will demonstrate that when the phase angle of the harmonic current is
optimized, the magnitude of the harmonic current required for torque ripple minimization
can be significantly reduced. In such a way, the machine losses and the voltage drop on
the stator windings caused by the injected harmonic currents are also reduced. To satisfy
multiple objectives during torque ripple minimization, a genetic algorithm (GA) based
current optimization approach is proposed at first to optimize the stator harmonic
currents. Then, based on an in-depth understanding of the torque ripple minimization
problem in PM machines, an analytical solution is derived for calculating the optimum
harmonic current magnitude and phase angle. The proposed approaches will be validated
through extensive numerical and experimental investigations based on the laboratory IPM
machine prototype.
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Figure 3-1. Diagram of the GA based torque ripple minimization.

3.2 GA based Stator Current Optimization for Torque Ripple Minimization

3.2.1 Objective Functions for Stator Current Optimization
In order to minimize the torque ripple, the harmonic currents are injected into the
machine to produce an extra harmonic torque to balance out the torque ripple th in (2.16).
As shown in Figure 3-1, the dq-axis harmonic currents are superimposed on the reference
currents to generate a smooth output torque. Since the torque harmonics are dominated by
the 6th and 12th harmonics, this study considers injecting the 6th and 12th current
harmonics into the machine to cancel the corresponding torque harmonics. In the current
control loop, a band-stop-filter (BSF) is applied to the current feedback loop to filter out
the 6th and 12th current harmonics to avoid their interaction with the current controller.
Suppose the harmonic currents as in (3.1) are injected into the machine drive, according
to the torque model simplified from (2.14)-(2.16) by considering only the 6th and 12th
harmonics, the electromagnetic torque produced by the injected harmonic currents is
presented in (3.2), with the detailed torque components in (3.3) and (3.4).
*
idqh

*
  I dk
cos(k   *idk ) 
i   k 6,12

* 

*
*
iqh    I qk sin(k   iqk ) 
 k 6,12

*
dh

(3.1)

where Idk* and Iqk* are the magnitudes of the dq-axis harmonic current references
designed for torque ripple minimization, and ϕidk* and ϕiqk* are their phase angles. Here
the superscript ‘*’ means that the variables are related to the injected harmonic currents.
40

te*  T0*  th*
T0* 
th* 

(3.2)
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where  *dk ,  *qk ,  *dk ,l and  *qk ,l are similar to the coefficients defined in (2.17), but the
current components Idk and Iqk in (2.17) should be replaced by Idk* and Iqk*. Therefore,
after the current compensation, the total torque is

ttotal  T0  th  T0*  th*

(3.5)

In order to minimize the torque ripples, the harmonic components in (3.5) should be
minimized. In this chapter, the first objective is minimizing the peak-to-peak torque
ripples, which can be achieved by minimizing g1 in (3.6).

g1  max(th  th* )  min(th  th* )

(3.6)

It should be noted that the injected harmonic currents can cause the stator rms current to
increase, which induced extra machine losses [50]. In order to minimize the machine
losses induced by the harmonic currents, it is also proposed to minimize g2 in (3.7).
g2 



k  6,12

* 2
* 2
I dk
 I qk

(3.7)

Moreover, the interaction between the flux and the current harmonics results in a change
of the average torque, which is shown in (3.8).

T0  T0*  T0 

 

k 6,12

*
dk ,k





sin  *idk k   *qk ,k sin k *iqk 

(3.8)

In order to maximize the average output torque produced by the harmonic current and
flux, this study seeks to maximize

g3 

 

k 6,12

*
dk ,k





sin  *idk k   *qk ,k sin k *iqk  .
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(3.9)

In summary, the design of harmonic currents involves three objectives, namely,
optimizing g1, g2 and g3. In what follows, GA is employed for the harmonic current
design to achieve all these three objectives.
3.2.2 GA based Optimal Current Design
In this subsection, the GA is employed to optimize the stator currents for torque ripple
reduction of a PM machine. Recalling the definition of harmonic currents in (3.1), the
design parameters to be optimized can be represented as:
D  [ I d* 6 , I d*12 , I q*6 , I q*12 , *id 6 , *id 12 , *iq 6 , *iq12 ]

(3.10)

The searching spaces for these parameters are determined as follows. The searching
space for the phase angles is:
*id 6 , *id 12 , *iq 6 , *iq12  [0, 2 ]

(3.11)

In order to determine the searching spaces for the current magnitudes, the maximal
current magnitude should be obtained first. By substituting (2.16) and (3.4) into (3.12),
and setting the ‘sin’ and ‘cos’ functions to 1 or -1, the maximal magnitude of the currents
can then be obtained.

th  th*  0

(3.12)

Suppose that the maximal current magnitude is Imax, and then the search space for the
current magnitudes is:
I d* 6 , I q*6 , I d*12 , I q*12  [  I max , I max ]

(3.13)

Since this is a multi-objective optimization problem, the fitness function used in GA to
evaluate each design parameter can be written as:

F  1g1  2 g2  3 g3

(3.14)

where αi is the weight of the objective function gi, which controls the importance of gi,
with i=1, 2, 3. The general rules for selecting αi are that: 1) since the most important
objective is torque ripple minimization, 1 should be selected to satisfy 1≥2+3; and 2)
the weights 2 and 3 can be considered to be equal in this paper. It can be seen that with
the decrease of g1, g2 and increase of g3, the fitness function F is decreasing. Thus, the
optimal design parameters are obtained when F is minimized by GA. The GA based
optimal current design is as follows.
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Step 1: Initialization

First, set the population size Npop, the maximal iteration number Nmax, the probabilities of
crossover and mutation, Pc and Pm, and the iteration counter n=0. Then, randomly
generate a set of solutions, D0={D1, D2,..., DNpop}, according to (3.11) and (3.13).
Thereafter, use (3.14) to compute the fitness value FD of each solution in D0. At the end,
find and save the best solution Dbest0=min(FD).
Step 2: Selection

Select Npop solutions from Dn to generate a new solution set Dnnew by following the
roulette wheel rule.
Step 3: Crossover

Perform crossover operation to Dnnew, that is, select solutions from Dnnew to exchange
genes following crossover strategy.
Step 4: Mutation

Perform mutation operation to Dnnew, that is, select solutions from Dnnew to mutate genes
according to mutation strategy.
Step 5: Evaluation
Dn=Dnnew;

Compute fitness value FD of each solution in Dn;
then find and save the best solution Dbestn=min(FD);
n=n+1; if n<Nmax, go to Selection.
Step 6: Output

The best solution Dbest=min(Dbestn).
3.2.3 Numerical Investigations
As detailed in the previous chapter, the 6th and the 12th torque harmonics are the main
contributor to the torque ripples of the test machine. Therefore, the proposed GA based
optimal current compensation is employed to minimize these torque harmonics. The
parameters of GA are selected as follows. The population Npop is 200, the maximum
generation Nmax=200, the probabilities of crossover and mutation, Pc and Pm, are 0.8 and
0.2, respectively. The weights for the objective functions are selected to be 1=10 and
2=3=5. In the simulation, the dq-axis currents are set to values of Id0=−7.5 A and
Iq0=13 A. The numerical simulation results are depicted as follows.
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The values of objective functions, g1, g2 and g3, in different generations are given in
Figure 3-2. The first objective function, g1, which represents the peak-to-peak torque
ripple, reduces quickly from a value of 15 Nm at the first generation and converges to
0.98 Nm within 40 generations. Moreover, the square sum of the harmonic currents, g2,
remains within 2.9, so that it does not significantly increase the machine losses. The
average torque induced by the harmonic currents is 0.65 Nm for the test machine.
The harmonic currents optimized by the proposed GA are shown in Figure 3-3. Torque
waveforms obtained before and after harmonic current compensation are shown in Figure
3-4. In order to illustrate the superiority of the proposed optimization strategy that
considers the harmonic current angles, the result from a compared method [50], which
does not consider optimizing the harmonic current angles, is also presented here. It can be
seen that the peak-to-peak values of dq-axis currents are 1 A and 3.6 A in the proposed
approach; while they are 0.15 A and 6.5 A in the compared method. The rms value of the
harmonic currents in the compared approach is about twice larger than that in the
proposed approach. Therefore, by using the proposed approach, the machine loss induced
by the injected harmonic currents is significantly reduced. In terms of the peak-to-peak
torque ripple, before GA optimization, it is about 20.6 Nm; while after GA optimization,
it is about 0.98 Nm and 2.9 Nm by using the proposed method and the compared method,
respectively. Following the analysis above, the proposed GA based optimal current
compensation approach with consideration of optimizing the harmonic current angle can
achieve much better performance in both torque ripple reduction and machine losses
minimization when the harmonic currents are injected into the test PM machine.
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Figure 3-2. Values of the objective functions g1, g2 and g3 during GA optimization for torque ripple
minimization at the rated condition.
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Figure 3-3. Optimal dq-axis currents obtained from the proposed method and the compared method that

Torque (Nm)

considers the harmonic current phase angle as a constant.

Figure 3-4. The output torques with and without harmonic current compensation.

3.2.4 Experimental Test and Results for Torque Ripple Minimization
The proposed GA based optimal feedforward current compensation for torque ripple
minimization is tested on the IPM machine drive system demonstrated in Figure 2-3.
Detailed steps of the GA based current optimization method have been discussed in the
previous subsection. Therefore, the proposed torque ripple minimization algorithm can be
implemented in the PM machine drive system directly as presented in the control diagram
in Figure 3-1. The ‘Enable’ signal is generated after the machine enters a steady state and
it disables the current compensation during the transient states.
This subsection presents the experimental test results directly. During the test, the PM
machine was rotating at 100 RPM driven by the dyno motor. Two different loading
conditions were tested by setting the peak phase currents to 15 A and 10 A with a current
angle of 30 degrees, respectively.
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Figure 3-5 presents the experimental test results with and without the optimized
feedforward current compensation when the stator phase current is 15 A. It can be seen
from Figure 3-5(a) that the measured torque ripple before applying the feedforward
current compensation is about 23.3 Nm, where the magnitude of the 12th torque harmonic
is 7.5 Nm and the magnitude of the 6th harmonic is 1 Nm after FFT analysis. However,
the peak-to-peak torque ripple after harmonic current compensation has been reduced to
about 4.5 Nm, where the 6th and 12th torque harmonic components have been reduced to
0.1 Nm and 0.5 Nm, respectively. Figure 3-5(b) presents the dq-axis currents with and
without the proposed current compensation. It demonstrates that after current
compensation, the peak-to-peak current value is 5.8 A for the q-axis current, where the
injected 12th current harmonic has a magnitude of 1.9 A; the peak-to-peak magnitude is 4
A for the d-axis current, in which the injected 12th current harmonic has a magnitude of
0.9 A; and the current waveforms contain some other harmonic components, such as the
6th harmonic, and the measurement noise as well. Figure 3-5(c) presents the actual threephase current waveforms with and without the proposed feedforward current
compensation. It is clear that the phase currents are mainly fundamental components
before the harmonic current compensation. After the harmonic currents are injected, the
corresponding harmonic current components are imposed on the fundamental phase
currents and the torque ripple of the IPM machine is significantly reduced, so too are the
noise and vibration caused by the torque ripple.
When the load current is 10 A, the test results are depicted in Figure 3-6. The measured
torque and current waveforms are zoomed in to show fewer cycles that more details about
the pulsating torque and the dq-axis currents can be seen. It is clear that the peak-to-peak
torque ripple is about 15.8 Nm before the harmonic current compensation and it is
reduced to 2 Nm after the optimal stator currents are applied. In the stator currents, the
peak-to-peak dq-axis currents are about 3 A and 2.8 A, respectively.
Therefore, the experimental results have demonstrated that the proposed GA based
optimal current compensation can reduce the torque ripples of a PM machine effectively
with a small increase in the machine loss induced by the injected harmonic currents.
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Figure 3-5. The waveforms obtained before and after applying the GA based current compensation when
the IPM machine was under the rated torque condition. (a) The output torque. (b) The dq-axis currents. (c)
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the IPM machine was under a load torque of 45 Nm. (a) Measured shaft torque. (b) Measured stator
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3.3 Analytical Solution for PM Machine Torque Ripple Minimization

The torque ripple minimization approach employing GA optimization could induce a
computational burden into the drive system of PM machines. Its applicability is also
limited to steady state operations. In this section, an analytical solution that is
computationally efficient is proposed for calculating the optimal stator currents for torque
ripple minimization in PM machines.
3.3.1 Finding an Analytical Solution for Torque Ripple Minimization
Since the electromagnetic torque produced by the interaction between the flux harmonic
and the stator current harmonic is much smaller than that produced by the other
components, th2 presented in (2.9) is neglected in the torque model to simplify the
calculations in this section. As a result, the DC and harmonic torque model is reduced to:
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T0  K P  0 I q 0  L I d 0 I q 0 

(3.15)

th    qk sin  k   iqk    dk cos  k   idk  
k

  K P  I q 0 Ak cos  k   k   I d 0 Bk sin  k   k  

(3.16)

k

  Tck cos  k   ck 
k

After the PM machine is developed, it is not possible to control or change the magnet
flux and the cogging torque. Therefore, the second and third terms on the right side of
(3.16) are uncontrollable. However, it is possible to control the first term on the right side
of (3.16) by injecting the stator current harmonics with a proper current control approach.
In other words, the torque ripple th can be reduced through regulation of the stator current
harmonics. Indeed, the objective of torque ripple minimization is to find the optimal
stator currents that can minimize the magnitude of th. Since the first term on the right side
of (3.16) is controllable while the second and third terms are uncontrollable, the torque
harmonic model (3.16) is rewritten in a compact form as (3.17), in which the
uncontrollable terms are combined and the controllable terms are combined.
2
th    qk
  2dk  2 qk  dk sin(idk  iqk ) cos  k   k 
k

 Ek2  Fk2 cos  k   k 

(3.17)

k

where the first term on the right side of (3.17) is controllable, while the second term is
uncontrollable, and the added parameters are
 Ek  K P  I q 0 Ak cos k  I d 0 Bk sin k   Tck cos ck

 Fk  K P  I q 0 Ak sin k  I d 0 Bk cos k   Tck sin ck


 sin idk   qk cos iqk
.
 tan k  dk

 dk cos idk   qk sin iqk

 tan   Fk
k

Ek


(3.18)

The primary goal of optimal current design for torque ripple minimization is to find the
optimal dq-axis stator current harmonics, idh and iqh, to minimize the magnitude of the
torque harmonic th. More specifically, we aim to find the optimal current magnitudes and
phase angles of the stator harmonic currents:
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I

dk

, I qk , idk , iqk 

(3.19)

to minimize the peak-to-peak value of th as in (3.20).

minimize

 max(t h )  min(th ) 

(3.20)

where max(th) and min(th) denote the maximal and minimal value of th, and max(th)min(th) is the peak-to-peak torque ripple of th.
According to [50] and [52], the stator harmonic currents used for torque ripple
minimization could induce extra machine losses, and the induced machine losses are
approximately proportional to the square sum of the harmonic current magnitudes.
Therefore, the second goal of optimal stator current design for torque ripple minimization
is to minimize the machine losses induced by the stator harmonic currents, which:
minimize  I dk2  I qk2  .

(3.21)

Ideally, the primary goal of optimal stator current design is to reduce the magnitude of
the torque harmonic to zero, which leads to equation (3.22).


k

2qk  2dk  2qk dk sin(idk  iqk ) cos  k   k    Ek2  Fk2 cos  k   k   0 (3.22)
k

In order to achieve (3.22), (3.23) must be satisfied for all k.

2qk  2dk  2qk dk sin(idk  iqk ) cos  k   k   Ek2  Fk2 cos  k   k   0

(3.23)

In order to satisfy (3.23), equations (3.24) and (3.25) must be satisfied for all k.

2qk  2dk  2qk dk sin(idk  iqk )  Ek2  Fk2

k k  

(3.24)
(3.25)

From (2.17), the coefficients qk and dk are proportional to the magnitudes of the stator
current harmonics. In order to minimize the machine losses, both qk and dk should be
minimized. When it is assumed that the magnitude of the d-axis harmonic current Idk is
negative, both qk and dk are positive. According to (3.24), in order to minimize qk and
dk, the condition (3.26) should be satisfied.
sin(idk  iqk )  1

(3.26)

In order to satisfy (3.26), the phase angles of the dq-axis current harmonics must satisfy
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.
2

(3.27)

E k2  Fk2

(3.28)

idk  iqk 

Substituting (3.27) into (3.24), the result is
 qk   dk 

Substituting the expressions of qk and dk in (2.17) into (3.28), the result is
( L I d 0   0 ) I qk  L I q 0 I dk 

1
KP

Ek2  Fk2

(3.29)

In this way, in order to minimize the torque ripple, the stator current must be designed to
satisfy (3.29). It should be noted that if one assumes that the d-axis harmonic current
magnitude Idk is positive, the derived results are similar.
From (3.21) and (3.29), the optimal stator current design for torque ripple minimization
with minimal machine losses leads to a constrained optimization problem as in (3.30).

minimize

I

2
dk

 I qk2



subject to ( L I d 0   0 ) I qk  L I q 0 I dk 

1
KP

Ek2  Fk2

(3.30)

In order to solve the optimization problem, the Lagrange cost function (3.31) is
constructed by introducing a Lagrange coefficient γ.



1
f ( Idk , Iqk , )  I dk2  Iqk2    (L Id 0  0 )Iqk  L Iq0 I dk 
Ek2  Fk2 
KP



(3.31)

In order to minimize (3.31) to find the optimal stator current, the partial derivatives of
(3.31), which are detailed in (3.32) are computed at first.
f I dk  0, f I qk  0, f   0

(3.32)

Then, by solving (3.32), the magnitudes of the optimal harmonic currents are obtained
and represented in (3.33).
1

L I q 0
Ek2  Fk2

K
P
 I dkopt 
2
2
(


L
I

0 )  ( L I q 0 )
 d0

1

L I d 0   0 
Ek2  Fk2

 opt
KP
 I qk 
( L I d 0   0 ) 2  ( L I q 0 ) 2
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(3.33)

It can be seen that the magnitude of the d-axis harmonic current is negative, which
complies with the assumption as imposed to obtain (3.26). With the optimal stator current,
the minimal value of the square sum of the harmonic currents is calculated as:
Ek2  Fk2

I

2
dk

I



2
qk min



K p2

( L I d 0   0 ) 2  ( L I q 0 ) 2

(3.34)

Substituting (3.27) into (3.18), (3.35) is obtained.

k  idk

(3.35)

Substituting (3.25) and (3.35) into (3.18), the phase angles of the optimal harmonic
currents must satisfy:
Fk
 opt
dk  arctan E  

k

F
opt  arctan k  
 qk
Ek 2

(3.36)

The above theoretical analysis (3.19)-(3.36) can be summarized as Theorem 1 below,
which is the analytical solution to the optimal stator current design for PM machine
torque ripple minimization with minimal machine losses.
Theorem 1 Suppose that injecting the dq-axis stator current harmonics in (3.1) into the

machine can achieve torque ripple minimization with minimal machines losses. The
magnitudes and phase angles of the optimal stator harmonic currents are given in (3.33)
and (3.36), respectively.
3.3.2 Simulations Studies of Applying the Analytical Solution for PM Machine Torque
Ripple Minimization

Machine parameters of the IPM machine are employed for numerical investigations to
validate the proposed solution. From the torque ripple analysis of this machine, the 12th
harmonic is the most dominant torque harmonic and produces almost 90% of the total
torque ripple. In fact, the torque harmonics of a PM machine are often occupied by a
small number of harmonic orders. Therefore, for simplification, only the minimization of
the most dominant torque harmonic component of the test machine is demonstrated in
this simulation study. However, the proposed approach is applicable to other harmonic
orders as well.
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Two simulations, Sim1 and Sim2 are conducted to evaluate the proposed analytical
solution for optimal stator current design in terms of steady-state and transient-state
performance. During the simulations, the PM machine is under MTPA control.
In Sim1, we aim to evaluate the performance of the proposed optimal stator current
design for torque ripple minimization at steady state. The load torque is set to the rated
torque of 70 Nm. After the machine reaches the steady state, the optimal stator current
calculated from Theorem 1 is injected into the machine for torque ripple minimization.
The optimal dq-axis stator currents are given in Figure 3-7. The output torque of the test
machine before and after torque ripple minimization is given in Figure 3-8. It can be seen
that before minimization, the peak-to-peak torque ripple is about 25 Nm, but after
minimization, it is reduced to 0.5 Nm. Therefore, the proposed optimal stator current
design in Theorem 1 is able to efficiently minimize the torque ripple at the steady state.
In Sim2, we aim to evaluate the performance of the proposed approach for torque ripple
minimization during transient states. Therefore, the load torque is increased slowly from
45 Nm to 70 Nm in 100 electrical cycles. The optimal stator current is adaptively
calculated from Theorem 1 with the change of load condition. The optimal dq-axis stator
currents during the machine transient states are given in Figure 3-9 and the corresponding
output torque of the test PM machine before and after torque ripple minimization is given
in Figure 3-10. It can be seen that before minimization, the torque ripple is increasing
with the increase of the load condition. However, after torque ripple minimization, the
torque ripple has been significantly reduced during the transient state. It should be
emphasized that the optimal stator current is computed from the analytical equation from
Theorem 1, which does not involve much computation. Therefore, in actual applications,
the proposed optimal stator current design approach is capable of torque ripple
minimization during the machine transient states. The reasons for testing under slow
transient are listed as follows:
1) Effective torque ripple minimization relies on the harmonic current controller as
well, the PR controller as indicated in Figure 3-1, which requires response time;
2) Accurate torque ripple measurement is difficult to obtain during transient states. In
order to validate the proposed approach with similar simulation and experimental
tests, slow transient is tested in both simulation and experimental studies.
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Figure 3-7. The calculated optimal dq-axis stator currents in Sim1.

Figure 3-8. The ouput torque before and after minimization in Sim1.

Figure 3-9. The calculated optimal dq-axis stator currents in Sim2.
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Figure 3-10. Torque before and after torque ripple minimization in Sim2.

3.3.3 Experimental Studies on PM Machine Torque Ripple Minimization Employing the
Analytical Solution

The proposed analytical solution of optimal stator current design is evaluated on the
laboratory IPM machine drive system, when the machine is under MTPA control. Since
the 12th torque harmonic is the dominant torque ripple component, test results of
minimizing the 12th torque harmonic are analyzed here for demonstration. Two tests are
conducted to validate the proposed optimal stator current design approach. Specifically,
Test 1 is aimed to evaluate the steady-state performance and Test 2 is aimed to evaluate
the transient performance.
Test1: Investigating the Steady-State Performance

In Test 1, the performance of the proposed torque ripple minimization approach at steady
state is evaluated. The load torques were set to 45 Nm and 70 Nm. After the test machine
reaches the steady state, the optimal dq-axis harmonic currents calculated from Theorem
1 are injected into the test machine to minimize the torque ripple.
When the load torque is 45 Nm and 70 Nm, the corresponding optimal dq-axis currents
are given in Figure 3-11(a) and (b). The measured shaft torque of the test machine at the
load torques of 45 Nm and 70 Nm before and after applying the proposed torque ripple
minimization is given in Figure 3-12(a) and (b), respectively. It can be seen from Figure
3-12 that before torque ripple minimization, the peak-to-peak 12th torque harmonic is
about 15 Nm at 45 Nm loading and it is about 28 Nm at 70 Nm loading. However, after
minimization, the 12th torque harmonic magnitude is reduced to 0.5 Nm at a load torque
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of 45 Nm and 0.6 Nm at a load torque of 70 Nm. In other words, the torque ripple has
been efficiently reduced after the optimal harmonic currents are injected into the machine.
Therefore, the optimal stator current design proposed in Theorem 1 is efficient for torque
ripple minimization at steady state.

Figure 3-11. The measured dq-axis currents before and after torque ripple minimization in Test 1. (a) At
load torque of 45 Nm. (b) At load torque of 70 Nm.
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Figure 3-12. The measured shaft torque before and after minimization using the proposed approach in Test
1. (a) At 45 Nm. (b) At 70 Nm.
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Figure 3-13. Comparative results of torque ripple minimization using the proposed GA optimization and
analytical solution. (a) At 45 Nm. (b) At 70 Nm.

To further evaluate the torque ripple minimization performance by using the proposal
analytical solution, torque ripple minimization results in Figure 3-12 are compared with
the ones obtained by using the proposed GA based optimization in the previous section. It
should be noted that during the GA optimization, both the 6th and 12th torque harmonics
are considered, but only the 12th torque harmonic is considered when the analytical
solution is used. It can be observed from Figure 3-13 that the torque ripple minimized
using the proposed analytical solution achieves similar torque ripple minimization
performance by considering only the 12th torque harmonic under loading conditions of 45
Nm and 70 Nm. Furthermore, the proposed analytical solution is computationally
efficient, such that it can be used to reduce the torque ripple during transient state, but the
GA based optimization is only applicable during the steady state. The torque ripple
minimization performance using the proposed analytical solution during transient
operation will be demonstrated in Test2.
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Test2: Investigating the Transient-State Performance

In Test 2, the performance of the proposed torque ripple minimization approach at
transient state was evaluated. The load torque was increased from 45 Nm to 70 Nm in
about 4 seconds. During the torque transient state, the optimal stator current was
adaptively updated according to the load conditions to minimize the torque ripple.
The dq-axis stator currents before and after torque ripple minimization are given in
Figure 3-14(a) and Figure 3-15(a), respectively. The torque ripple of the test machine
before and after torque ripple minimization is given in Figure 3-14(b) and Figure 3-15(b),
respectively. Without using a torque ripple minimization approach, it is clear that when
the load torque was increasing from 45 Nm to 70 Nm, the peak-to-peak torque harmonic
was increasing as demonstrated in Figure 3-14(b). However, after the stator current is
adaptively optimized by using the proposed Theorem 1, the peak-to-peak torque ripple
has been significantly reduced during the transient state as demonstrated in Figure
3-15(b). Therefore, the optimal stator current design proposed in Theorem 1 is efficient
for torque ripple minimization during the transient state operation as well.

Figure 3-14. The dq-axis currents and the measured shaft torque before applying torque ripple minimization
in Test 2. (a) Stator currents. (b) Measured shaft torque.
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Figure 3-15. The dq-axis currents and the measured shaft torque employing the proposed torque ripple
minimization in Test 2. (a) Stator currents. (b) Measured shaft torque.

3.4 Summary

In this chapter, the proposed GA based harmonic current compensation approach for
torque ripple minimization is shown to work efficiently with all three objective functions.
Therefore, with the GA based optimum harmonic current compensation, the peak-to-peak
torque ripple and the rms value of the stator current are minimized. The investigation
results show that the proposed approach can achieve better performance when it is
compared to a method that does not consider the harmonic current angle in the
optimization.
A novel analytical solution of optimal stator current design has been proposed for torque
ripple minimization, which is also able to minimize the machine losses induced by the
stator current. The optimal stator current is computed from the analytical equations, so
the proposed approach is computationally efficient. Thus, it is applicable for torque ripple
minimization for both transient and steady states. Both simulation and experimental
results demonstrate that the proposed approach is able to efficiently minimize the torque
ripple when the test machine is running at both transient and steady states.
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CHAPTER 4
INVESTIGATION OF THE INFLUENCE OF PARAMETER
VARIATION ON TORQUE RIPPLE MINIMIZATION
4.1 Introduction

The parameters of a PM machine including the magnet flux and the dq-axis inductances
vary during operation due to temperature change and machine nonlinearity [11], [92],
[96], [99]. For instance, the magnet flux decreases with the increase of magnet
temperature [99], and the dq-axis inductances vary nonlinearly due to magnetic saturation
[11]. Indeed, the variation of PM machine parameters is inevitable during machine
operation. Optimal stator current design for torque ripple minimization requires accurate
machine parameters, including the magnet flux and the dq-axis inductances. Thus, it is
necessary to investigate how machine parameter variation influences the optimal stator
current design for torque ripple minimization. However, most existing studies have
neglected the machine parameter variation, and thus the performance of torque ripple
minimization is limited during actual machine operation.
This chapter investigates how the machine parameter variations influence the
performance of optimal stator current design for PM machine torque ripple minimization.
In particular, this chapter focuses on quantifying the influence from the variations of the
dq-axis magnet flux and the dq-axis inductances. Inaccurate cogging torque measurement

is also considered in the analysis. At first, a torque ripple model of a PM machine and the
optimal stator current design theory are briefly introduced to provide the theoretical
support for this investigation. Moreover, the optimal stator current design theory also
demonstrates that the optimal stator current relies heavily on the accuracy of the machine
parameters. Then, extensive experiments are conducted on the test PM machine under
different magnet temperatures and loading conditions to study the variations of the
magnet flux and the dq-axis inductances. The experimental results show that the magnet
flux is reduced by more than 10% when the magnet temperature increases from room
temperature to the maximum operating temperature, and the inductance term (Ld-Lq) is
reduced by about 50% when the load torque changes from no-load to full-load.
Afterwards, analytical expressions of the torque ripple induced by the machine parameter
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variation and cogging torque error are developed. Finally, numerical studies and
experiments are conducted on the IPM machine drive system to investigate how the
variations of permanent magnet flux and dq-axis inductances influence the performance
of optimal stator current design for torque ripple minimization. The results show that the
influence is significant, especially when both the magnet flux and dq-axis inductances
vary, and thus the PM machine parameter variation should be considered in the optimal
stator current design in order to improve the performance of torque ripple minimization.
4.2 Investigation of PM Machine Parameter Variation

From the Theorem 1 proposed in the previous chapter, the optimal stator current for
torque ripple minimization is computed from the machine parameters and measurements
using (3.33) and (3.36). Therefore, the accuracy of the machine parameters used for
computation has a significant impact on the performance of torque ripple minimization.
The PM machine is a nonlinear system, in which the machine parameters are varying
with the operating conditions due to effects of magnetic saturation and temperature
variation. Therefore, it is necessary to investigate how the machine parameters vary at
first. In particular, this section investigates the variations of the magnet flux including its
DC and dominant harmonic components, and the dq-axis inductances under different
operating conditions.
4.2.1 Investigation of Magnet Flux Variation

It is known that, due to the machine losses, the temperature of a machine increases as it
operates. Because the magnet flux is temperature dependent, it decreases as the magnet
temperature increases. In order to investigate the magnet flux variations, back-EMF tests
are conducted on the IPM machine under different magnet temperatures, which have
been reported in Chapter 2.
Figure 2-8 presents the fundamental and harmonic components of the magnet flux in the
abc-axis at different magnet temperatures from 25℃ to 65℃. All components of the

magnet flux decrease approximately linearly with the increase of magnet temperature.
After a Park transformation, the magnet flux components in the dq-axis will have similar
temperature dependency. To be conservative, the maximum temperature of the permanent
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magnet is assumed to be 120℃ during normal operation of the test machine. According
to the results in Figure 2-8, the magnet flux DC and harmonic components will be
reduced by more than 10% when the magnet temperature increases from room
temperature to the maximum operating temperature. Therefore, the variation of magnet
flux should be considered in the optimal stator current design to improve the performance
of torque ripple minimization.
4.2.2 Investigation of Inductance Variation

The dq-axis inductances vary nonlinearly with respect to the dq-axis currents due to
magnetic saturation. In order to study the inductance variation, a harmonic voltage
injection based approach is employed for inductance estimation. Specifically, as shown in
Figure 4-1(a), when the PM machine reaches a steady state, a kth harmonic voltage is
injected into the machine. For the purpose of distinguishing the injected harmonic
component and the harmonic components existing in the machine, odd order harmonic
voltages on the dq rotating reference frame should be injected, and that is k=3, 5, 7, 9, 11,
…. As shown in Figure 4-1(b), the kth harmonic voltages udk and uqk presented in (4.1)
and (4.2) are injected into the machine sequentially.
u dk  U dk cos  k   , u qk  0

(4.1)

u dk  0 , u qk  U qk cos  k  

(4.2)

where Udk and Uqk are the magnitudes of the dq-axis kth harmonic voltages, respectively.
By neglecting cross coupling, when injecting the dq-axis kth harmonic voltages udk and uqk
in (4.1) into the test machine, the kth harmonic current idk is induced; when injecting (4.2),
the induced kth harmonic current is iqk. Here, the induced harmonic current magnitudes,
Idk and Iqk can be obtained through calculations from id and iq after the harmonic voltages

are injected. The relation between the dq-axis kth harmonic currents and voltages can be
written as (4.3) [100].
udk  Ridk  jk Ld idk  Lq iqk

uqk  Riqk  jk Lq iqk  Ld idk

(4.3)

where R is the phase winding resistance, and  is the electrical rotor speed. The high
frequency voltage equations in (4.3) can be rewritten in a matrix format as (4.4).
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Figure 4-1. Inductance estimation diagram. (a) Control. (b) Implementation.
 u dk   R  jk  Ld   Lq   idk 
 


R  jk  Lq  iqk 
 u qk    Ld

(4.4)

Then, the kth harmonic current can be calculated as in (4.5).
T

idk iqk   H k1  udk uqk 





T

(4.5)

And the inverse matrix coefficient can be calculated as below:
H k1 

 R  jk Lq Lq 


( R  jk Ld ) (R  jk Lq )  2 Ld Lq   Ld R  jk Ld 
1

Now, with harmonic voltages (4.1) and (4.2) injected, the corresponding harmonic
currents can be calculated as:

k 2 Lq udk
idk  2
(k Lq  Ld ) R  j (k 2  1)k Lq Ld


k 2 Ld uqk

iqk  (k 2 L  L ) R  j (k 2  1)k L L
q
d
d q


(4.6)

From (4.6), the dq-axis inductances can be solved with the resistance value R, which can
be estimated from the machine winding temperature by using (2.40).
To demonstrate the performance of the proposed parameter estimation algorithm, the 3rd
harmonic voltage injection is presented as an example here. Based on (4.6) and the
estimated winding resistance, (4.7) can be derived for calculating the dq-axis inductances
with the 3rd harmonic voltage injection. Here, the magnitudes of the dq-axis 3rd harmonic
currents and voltages, Id3 and Iq3, Ud3 and Uq3, are calculated from the phase current
measurements and the controller outputs, respectively.
63

2
2

9
L
L
R 2  8Ld 2




U
q
d
 d 3  

2
 I d 3 
9
9
L
 q


2
2
 U  2  9 Ld  Lq  R 2  8Lq 
q3


 
2
9
 I q 3 
 9 Ld 

(4.7)

Experimental tests have been conducted to verify the proposed parameter estimation
approach. The procedures of parameter estimation by using the proposed approach are
detailed in Figure 4-1, and the estimated inductances are presented in Figure 4-2. During
the tests, the IPM machine was operating under 100 RPM and 400 RPM respectively. At
each speed, the estimation was conducted at five different steady states, which were
under loading conditions of 40%, 53%, 67%, 80% and 100% of the rated load,
respectively. Small deviations of the inductance values are observed from the results
presented in Figure 4-2 under these two different speeds. This is mainly because of the
measurement noise and the limited number of samples for estimation since this algorithm
has to be done online. But with the increase of stator current, the signal to noise ratio is
higher, and the estimation results at both speeds trends towards the same. From the torque
ripple model, only the value of L=(Ld-Lq) is required to include the magnetic saturation
effect. Based on the test results in Figure 4-2, the average values of the inductances
obtained from 100 RPM and 400 RPM tests are taken, and the average inductances are
presented in Figure 4-3, which are used in the investigations in this chapter.

Figure 4-2. Estimated dq-axis inductances at 100 RPM and 400 RPM under varying loading conditions.
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Figure 4-3. The variation of dq-axis inductances of the test machine with respect to the stator current under
MTPA control.

4.3 Theoretical Analysis of Parameter Variation on Optimal Stator Current Design for
Torque Ripple Minimization

This section investigates how the machine parameter variations, including the variations
of the dq-axis magnet flux DC component, the magnet flux harmonic components and the
inductance LΔ, influence the optimal stator current design for torque ripple minimization.
In addition, the measurement error in cogging torque is also considered. The parameter
variation is represented as a percentage change from the nominal parameter of the PM
machine. More specifically, the actual machine parameter is smaller or larger than the
nominal parameter by some percentage. The actual machine parameter is used in the
torque ripple model representing the machine under varying operating conditions, while
the nominal parameter is used to calculate the optimal stator current for torque ripple
minimization. Under such an environment, the influence of machine parameter variation
on torque ripple minimization performance can be quantified mathematically.
4.3.1 Investigation of the Influence from Magnet Flux Variation

It is known that the dq-axis magnet flux including the DC and harmonic components
decrease as the magnet temperature increases. At first, it is assumed that the magnet flux
DC component is decreased by a percentage α; thus the actual magnet flux DC
component of the machine is written as:
 0,real  (1   )  0
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(4.8)

where Λ0,real is the actual dq-axis magnet flux DC component. Ideally, the torque ripple
should be zero with the optimal stator current excitation. However, due to the parameter
variation in the machine, the torque ripple increases. This is because the calculated stator
currents using Theorem 1 are no longer optimal after the machine parameter changes. In
order to investigate the influence from the variation of the magnet flux DC component,
the rest of the machine parameters are assumed to be unchanged. In the optimal current
computation, nominal parameters of the machine are used, which is normally the case in
the existing studies, although Λ0 has decreased to Λ0,real in the machine. When the
optimal harmonic currents obtained from Theorem 1 are injected into the machine, the
resultant torque ripple due to the variation of Λ0 is calculated as (4.9).



th  K P   L I d 0   0,real  I qkopt sin k   opt
qk
k



 K P  L I q 0 I dkopt cos k   opt
dk
k





 K P  I q 0 Ak cos  k   k   I d 0 Bk sin  k   k 

.

(4.9)

k

  Tck cos  k   ck 
k

Substituting (3.33) and (3.36) into (4.9), the torque ripple induced by the variation of Λ0
is rewritten as:
th 

 0  L I d 0   0 
( L I d 0   0 ) 2  ( L I q 0 ) 2

  E
k

k

cos  k    Fk sin  k    .

(4.10)

Next, the dq-axis magnet flux harmonic components, Λdk and Λqk, are assumed to
decrease by a percentage of β, so their actual values are:
  dk ,real  (1   )  dk

  qk ,real  (1   )  qk

(4.11)

Similar to the computations for (4.10), the torque ripple induced by the variation of Λdqk
is formulated as (4.12).
th   K P   I q 0 Ak cos  k   k   I d 0 Bk sin  k   k  

(4.12)

k

4.3.2 Investigation of the Influence from Inductance Variation

The inductance term LΔ is varying with the dq-axis currents due to magnetic saturation. If
LΔ is assumed to decrease by a percentage of , its actual value is written as:
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(4.13)

L ,real  (1  ) L

Similarly, the torque ripple due to the variation of LΔ can be calculated as:
th 

 L I d 0 

2

 L I d 0  0  ( L I q 0 )2
  Ek cos  k    Fk sin  k   
( L I d 0   0 )2  ( L I q 0 )2
k

(4.14)

4.3.3 Investigation of the Influence from Cogging Torque Measurement Error

Since it is challenging to accurately measure the cogging torque, the magnitude of the
cogging torque, Tck, can be assumed to contain  percent of error, so the actual magnitude
of the cogging is:
(4.15)

Tck , real  (1   )Tck

Similarly, the torque ripple due to the measurement error in the cogging torque is
calculated as:
th   Tck cos  k   ck 

(4.16)

k

According to (4.10), (4.12), (4.14) and (4.16), the magnitudes of the kth torque harmonic
due to the machine parameter variations are summarized in Table 4-1. It can be seen from
Table 4-1 that the magnitude of the torque ripple is increasing with the variation of the
parameter. Under a certain operating condition, the resultant torque ripple magnitude is
proportional to the percentage of error in the parameter if only one parameter contains
error/variation. When two or more parameters are varying simultaneously, the induced
torque ripple would be even larger. In other words, if the parameter used for optimal
stator current design contains a certain amount of error, the torque ripple minimization
TABLE 4-1: THE KTH TORQUE HARMONIC INDUCED BY MACHINE PARAMETER VARIATION

Parameter Variation Percentage (%)
Λ0



Λdk, Λqk



LΔ



Tck



kth Torque Harmonic Magnitude
 0  L I d 0   0  Ek2  Fk2
( L I d 0   0 ) 2  ( L I q 0 ) 2

K P

 L I d 0 

2

I

Ak    I d 0 Bk 
2

q0

 L I d 0  0  ( L I q 0 ) 2

( L I d 0   0 ) 2  ( L I q 0 ) 2

Tck
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2

 Ek2  Fk2

performance will be significantly reduced. More details can be found in the following
sections of numerical and experimental validations that are conducted based on the
laboratory IPM machine.
4.4 Numerical Studies

As introduced previously, the 12th harmonic is the dominant torque harmonic of the test
PM machine. This section specifically investigates the influence of parameter variation
on minimizing the 12th torque harmonic. Hence, only the 12th harmonic currents are
injected into the machine for torque ripple minimization, and there is a small amount of
torque ripple due to the other torque ripple components. In the simulation, the nominal
values of the magnet flux, the inductance and the measured cogging torque are used to
compute the optimal stator currents for torque ripple minimization. However, in the
machine model, the parameter variations are considered to investigate how their
variations influence the performance of the torque ripple minimization. The peak-to-peak
magnitude of the torque ripple is used to evaluate the influence of parameter variation.
During the simulation, the test machine was under MTPA control. Since the cogging
torque is relatively small in the test machine, its influence is not reported here.
4.4.1 Torque Ripples Resulting from Magnet Flux Variation

In the machine model, the magnet flux DC component, Λ0, is assumed to be varying up
to 15%, while other parameters are assumed to remain constant. The peak-to-peak torque
ripple after minimization with consideration of magnet flux variation is shown in Figure
4-4, in which the test motor was operating at two different loading conditions, namely, 45
Nm and 70 Nm. It can be seen that with the increase or decrease of Λ0, the magnitude of
the peak-to-peak torque ripple is increasing. For instance, with a 15% of decrease in Λ0,
the resultant peak-to-peak torque ripple is about 4.1 Nm when the load torque is 70 Nm,
and it is about 3 Nm when the load torque is 45 Nm. In the optimal case, when Λ0 is
accurate, the peak-to-peak torque ripple is less than 1.1 Nm. Thus, with the variation of
Λ0, the magnitude of the torque ripple is increasing.
The magnet flux harmonic components, Λd12 and Λq12, are then assumed to be varying
within 15%, in which other parameters remain at the nominal values. Figure 4-5 shows
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the magnitudes of the peak-to-peak torque ripple due to the variations of Λd12 and Λq12
under the load torques of 45 Nm and 70 Nm. For example, when Λd12 and Λq12 are
decreased by 15%, the induced torque ripple is 4.8 Nm at 70 Nm loading, and it is 3.3
Nm at 45 Nm loading. From Figure 4-5, the peak-to-peak torque ripple is increasing with
the variations of Λd12 and Λq12 in the machine.

Figure 4-4. The influence of magnet flux DC component variation on torque ripple minimization when the
load torque is 45 Nm and 70 Nm.

Figure 4-5. The influence of magnet flux harmonic component variation on torque ripple minimization
when the load torque is 45 Nm and 70 Nm.

69

Based on Figure 4-4 and Figure 4-5, the magnet flux variations should be considered in
the optimal stator current design for torque ripple minimization, otherwise, the torque
ripple will not be truly minimized under different magnet temperatures.
4.4.2 Torque Ripples Resulting from Inductance Variation

In this simulation, parameter LΔ is assumed to vary up to 50%, while other parameters are
unchanged, since as can be seen from Figure 4-3, the LΔ can vary up to 50% during
machine operation. The torque ripple with respect to the variation of LΔ is listed in Figure
4-6. It can be seen that when the LΔ is reduced from 0% to 50%, the induced torque ripple
increases from 1.3 Nm to 7.5 Nm when the load torque is 70 Nm, and it increases from
0.7 Nm to 5.7 Nm when the load torque is 45 Nm. Therefore, the magnetic saturation
should be considered as well in the optimal stator current design.

Figure 4-6. Influence of inductance variation on torque ripple minimization when the load torque is 45 Nm
and 70 Nm, respectively.

4.4.3 Torque Ripples Resulting from Magnet Flux and Inductance Variations

In actual machine operation, the magnet flux decreases with the increase in magnet
temperature, and the inductances vary with the load conditions. Thus, it is necessary to
investigate how the magnet flux variation along with the inductance variation influences
the optimal stator current design for torque ripple minimization. Therefore, in this
simulation, the magnet flux DC and harmonic components are assumed to be varying
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together within 15%, and the inductance term is assumed to be varying within 50%, and
the rest of parameters are assumed to be unchanged.
Figure 4-7(a) and (b) present the simulation results when the machine was operating at 45
Nm and 70 Nm, respectively. It can be seen that with the increase of the error in magnet
flux and inductance, the induced torque ripple magnitude is increasing. For instance, if
the magnet flux is reduced by 15% and the inductance is reduced by 50%, the induced
torque ripple is 9.5 Nm when the load torque is 45 Nm, and it is 13 Nm when the load
torque is 70 Nm. Therefore, the variation of magnet flux along with the variation of the
inductances has a great influence on the performance of torque ripple minimization. Thus,
the parameter variation must be considered in the optimal stator current design.

Figure 4-7. Torque ripple minimization errors under variations of magnet flux and the inductance. (a) At
load torque of 45 Nm. (b) At load torque of 70 Nm.
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4.5 Experimental Studies

Experiments are conducted on the test IPM machine drive system to investigate the
influence of parameter variation on optimal stator current design for torque ripple
minimization. Similar to the numerical investigations, only the minimization of the 12th
torque harmonic is demonstrated in the experimental tests. The control diagram is shown
in Figure 4-8, in which the optimal stator current from Theorem 1 is injected into the test
IPM machine to minimize the torque ripple after it reaches the steady state.
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Figure 4-8. Control diagram of the test machine with torque ripple minimization.

4.5.1 Torque Ripple Analysis Considering Magnet Flux Variation

In order to study the influence of magnet flux variation on torque ripple minimization, the
test machine was run at full load for a few hours to increase the magnet temperature. The
experiments are conducted at two different magnet temperatures, namely, room
temperature and 65℃. The magnet flux at room temperature is used to compute the
optimal stator current with Theorem 1. In this way, the magnet flux is decreased at 65℃,
and thus test results can be used to investigate the influence due to magnet flux variation.
During the experiment, the test machine is controlled to operate with load torques of 45
Nm and 70 Nm. Figure 4-9 shows the original torque ripple of the test machine, the
minimized torque ripple at 25℃, and the minimized torque ripple at 65℃, when the load
torque is 45 Nm. Figure 4-10 presents the corresponding results when the load torque is
70 Nm. Here, the magnet flux is accurate at 25℃, but it is inaccurate at 65℃. It can be
observed that when the load torque is 45 Nm, the peak-to-peak torque ripple is about 16
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Nm without torque ripple minimization; it is about 2.5 Nm after minimization at 25℃;
and it is about 5 Nm after minimization at 65℃. Similar results can be found when the
load torque is 70 Nm. Therefore, with the increase of magnet temperature, the torque
ripple due to the variation of magnet flux is increasing, even though the optimal stator
current obtained from Theorem 1 is injected for torque ripple minimization. This is
because the magnet flux decreases with the increase of magnet temperature.

0.2s

0.2s

0.2s

Figure 4-9. Torque ripple of the test machine due to magnet flux variation at 45 Nm.

0.2s

0.2s

0.2s

Figure 4-10. Torque ripple of the test machine due to magnet flux variation at 70 Nm.

In fact, both the magnet flux DC and harmonic components decrease as the magnet
temperature increases. According to the results in Figure 2-8, the magnet flux DC
component is only decreased by about 6% at 65℃. Therefore, it can be concluded from
the experimental results that the variation in the torque ripple is not very significant. This
is because the variation of magnet flux here is not significant. However, in actual
applications such as an electric vehicle, the machine temperature variation can be much
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larger than that in the proposed test, so the magnet flux variation is significant as well.
Consequently, the variation of magnet flux must be considered in the optimal stator
harmonic current design for torque ripple minimization.
4.5.2 Torque Ripple Analysis Considering Inductance Variation

Two experimental tests were conducted to investigate how the inductance variation
influences the torque ripple minimization. During the tests, the load torque is set to be 45
Nm and 70 Nm, respectively.
Figure 4-11 presents the original torque, and the torque obtained after applying torque
ripple minimization techniques using inaccurate and accurate inductance values at a load
torque of 45 Nm. Figure 4-12 presents similar torque ripple minimization results when
the load torque is 70 Nm. When the load torque is 70 Nm, the peak-to-peak torque ripple
is about 28 Nm; it is about 3.5 Nm after minimization with accurate inductance; and, it is
about 9 Nm after minimization with the nominal inductance value. Moreover, with the
decrease of the inductance, the induced torque ripple is increasing, even though the
optimal stator current from Theorem 1 is injected for torque ripple minimization. From
these test results, the variation of inductance has a great influence on torque ripple
minimization. Therefore, a proper online inductance estimation approach or an offline
look-up-table of inductance should be incorporated in the optimal stator current design in
order to improve the torque ripple minimization performance.

0.2s

0.2s

0.2s

Figure 4-11. Measured shaft torque before and after torque ripple minimization with accurate and
inaccurate inductance at 45 Nm.
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Figure 4-12. Measured shaft torque before and after torque ripple minimization with accurate and
inaccurate inductance at 70 Nm.

4.6 Summary and Discussions

In this chapter, the influence of magnet flux and inductance variation on torque ripple
minimization performance has been investigated with theoretical analysis, numerical
simulations and experimental tests. It is demonstrated that the torque ripple increases
proportionally to the variations of magnet flux or inductance (Ld-Lq) under a specific
loading condition. The resultant torque ripple will be much higher when both magnet flux
and the inductance are varying together during the machine operation.
For the test PM machine, its magnet flux can vary more than 10% and the inductance can
vary more than 50% during its normal operation. At the rated load condition, if the
nominal value of inductance is used to calculate the optimal harmonic current for torque
ripple minimization, the resultant torque ripple is about 20% higher than the torque ripple
minimized by using the accurate inductance value. When the magnet temperature
increases to the maximum value at full load condition, the inductance and the magnet
flux decrease to their minimum values. If their variations are ignored, the resultant torque
ripple is about 40% higher than the case when accurate inductance and magnet flux are
used. The accuracy of the cogging torque measurement is also important for the torque
ripple minimization approach, especially when the cogging torque is dominant in the
pulsating torque because the resultant torque ripple is proportional to the cogging torque
error and its magnitude.
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CHAPTER 5
FEEDBACK BASED TORQUE RIPPLE MINIMIZATION
5.1 Introduction

The feedback control approach is based on the torque estimation for feedback current
control to suppress the torque ripples because the torque transducers are usually too
expensive to be used in regular PM machine drives. This approach relies on an accurate
torque estimator /observer. For instance, in [101], a torque predictive control is proposed
to minimize the torque ripple. However, the torque estimator/observer requires an
accurate machine model and thus this approach is sensitive to the variation of machine
parameters, which is inevitable due to the nonlinearity of the machine and the drive.
To achieve better performance by using the feedback based torque ripple minimization
control, an effective and affordable torque ripple measure is required, such that the
proposed torque ripple minimization can be independent from the machine parameters.
Recently, piezoelectric vibration sensors have gained much attention for torque ripple
minimization [58], [59], [102]. This sensor can be installed on the motor base to measure
the vibration induced by torque ripple. The measured vibration signal can be used as a
measure of the torque ripple for feedback current control to minimize the torque ripple.
There are other research that focuses on using speed errors for torque ripple minimization
because the speed ripples are induced by the torque ripples [60], [61]. For instance, in
[61], the speed errors are used as the feedback control signal, and an iterative learning
control scheme is proposed for current control. However, the speed error contains certain
harmonics that are not induced by the torque ripples, and thus this method is sensitive to
the non-integer and pseudo harmonics in the speed measurement.
This chapter explores the use of the speed harmonic magnitude as the feedback control
signal for torque harmonic minimization. The speed harmonic can be obtained from the
encoder, so our approach is not affected by the nonlinearity of the machine and inverter.
Firstly, the relation between torque ripple and speed harmonic is investigated and
modeled. It is found that the magnitude of the speed harmonic is proportional to the
magnitude of the torque harmonic of the same order. So, the speed harmonic magnitude
can be used as the feedback control signal to minimize the torque harmonic of the same
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order. To best of the authors’ knowledge, this is the first in-depth investigation of using
the speed harmonic as a measure of the torque harmonic in torque ripple minimization.
Then, the torque ripple model considering the cogging torque, the magnet flux harmonics
and the current harmonics is briefly introduced to facilitate the design and analysis of the
current controller for torque ripple minimization. The investigation shows that the torque
harmonic is independent from machine speed, so the harmonic current designed for the
low speed operation is applicable to the high speed operation. Finally, a novel fuzzy logic
based controller is proposed to minimize the dominant torque harmonic by using the
magnitude of the speed harmonic of the same order as the feedback control signal. This is
because the torque ripple is dominated by a small number of harmonics, so each
harmonic can be minimized independently by using the proposed approach.
5.2 Relation between Torque Harmonic and Speed Harmonic of the Same Order

The mechanical equation of PM machines is expressed as

ttotal  tL  J

d m
 Bm
dt

(5.1)

where tL is the load torque, J is the combined moment of inertia, B is the viscous friction
coefficient, and ωm is the mechanical rotor speed, which relates to the electrical rotor
speed as ωm=ω/Np.
From (5.1), the torque harmonic produced by a PM machine will induce the speed
harmonic of the same order. To this end, the torque and speed are decoupled in the DC
and harmonic terms as in (5.2) and (5.3).
ttotal  T0  Thk cos(k   tk )

(5.2)

m  m0   mk cos(k  k )

(5.3)

k

k

where Thk and tk are the magnitude and phase angle of the kth torque harmonic; m0 is the
average speed, mk and k are the magnitude and phase angle of the kth speed harmonic;
and k is the harmonic order.
Substituting (5.2) and (5.3) into (5.1) and assuming there is no harmonic of the same
order as the ones produced by the test machine in the load torque, the results in (5.4) and
(5.5) are obtained.
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T0  TL0  Bm0

(5.4)

Thk cos(ktk )  Bmk cos(kk )  kJN pm0mk sin(kk )

(5.5)

where TL0 is the DC component of tL. Based on (5.5), the relation between the magnitude
of the torque and speed harmonic is

Thk  mk B 2   kJN p m0 

2

(5.6)

Here, B is far smaller than kJNpm0, so (5.6) can be simplified as:

Thk  kJN pm0mk

(5.7)

It can be seen from (5.7) that the kth speed harmonic magnitude, mk, is proportional to
the kth torque harmonic magnitude Thk and inversely proportional to the machine speed
m0. Here, mk can be obtained from the speed measurement, so it can be used as a

measure of Thk for torque ripple minimization, which is not influenced by the nonlinearity
of the machine and the drive.
For the test PM machine, the 12th harmonic is the dominant torque harmonic. Therefore,
the relationship between the 12th torque harmonic magnitude Th12 and the 12th speed
harmonic magnitude m12 is investigated and presented in Figure 5-1, which agrees with
the result of (5.7). In what follows, the m12 is used as the feedback signal for current
control to minimize the torque harmonic magnitude T12.

Figure 5-1. Torque harmonic magnitude vs. the speed harmonic magnitude.
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5.3 Closed-Loop Fuzzy-Logic Based Current Control for Torque Ripple Minimization

Ideally, the objective is to minimize the torque harmonic magnitude to zero, that is,
Thk=0, for all k. However, for simplicity, only the 12th torque harmonic minimization is

demonstrated here as an example. The procedure can be applied to minimize the other
harmonic orders as well. According to the torque ripple model in (3.17), the torque ripple
components are divided into two portions: one can be controlled by harmonic current
injection and the other is uncontrollable. At first, the 12th torque harmonic is written as:

th12  2q12  2d12  2q12d12 sin(id12  iq12 ) cos 12  12   E122  F122 cos 12  12  (5.8)
and the parameters are detailed as:
 q12  1.5 N p  L I d 0   0  I q12

 d 12  1.5 N p L I q 0 I d 12
 A    k
dk
qk
 12
 B12   qk  k  dk

 E12  K P  I q 0 A12 cos 12  I d 0 B12 sin 12   Tc12 cos c12

 F12  K P  I q 0 A12 sin 12  I d 0 Bk cos 12   Tc12 sin c12

 d 12 sin id 12   q12 cos iq12

 tan 12 
 d 12 cos id 12   q12 sin iq12


F
 tan 12  12
E12


(5.9)

From (5.8), by setting th12=0, the result of (5.10) is obtained.

2q12 2d12  2q12d12 sin(id12 iq12 ) cos 1212    E122  F122 cos 1212  (5.10)
Based on (5.10), the harmonic currents must satisfy

2q12 2d12  2q12d12 sin(id12 iq12 )  E122  F122

(5.11)

Moreover, as can be seen from the torque ripple model: 1) the d-axis harmonic current
will not generate torque ripple for a SPM machine, 2) for the same magnitude, the d-axis
harmonic current will generate a smaller torque ripple than the q-axis harmonic current
for an IPM machine. Therefore, only the q-axis harmonic current is injected for torque
ripple minimization in this study and (5.10) is simplified as:

q12 cos 12  12    E122  F122 cos 12  12 
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(5.12)

with
 q12  1.5 N p  L I d 0   0  I q12



 12  iq12 
2


(5.13)

From (5.12) and (5.13), the harmonic current magnitude Iq12 must satisfy (5.14) and its
phase angle should be bounded by (5.15).
I q12 

E122  F122
1.5 N p  L I d 0   0 

(5.14)

iq12  [0, 2 ]

(5.15)

From (5.8), both Iq12 and ϕiq12 influence the magnitude of the 12th torque harmonic. So,
the simulation is performed to investigate this influence. The result is given in Figure 5-2,
where Iq12 varies from 1 to 3 A and ϕiq12 varies from π/2 to 3π/2. From Figure 5-2, for a
fixed Iq12, with the increase of ϕiq12, the magnitude of Th12 decreases at first and then
increases. When ϕiq12 is within [0.7π, 1.3π], for a fixed ϕiq12, with the increase of Iq12, the
magnitude of Th12 decreases at first and then increases. In what follows, a closed-loop
fuzzy logic controller is proposed for torque ripple minimization.
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Figure 5-2. The relationship between the 12th harmonic current, iq12, and the magnitude of the 12th torque
harmonic, Th12.

80

The main goal of the proposed fuzzy logic controller (FLC) is to control the harmonic
current to minimize the magnitude of Th12 by using the 12th speed harmonic magnitude as
the feedback control signal. This is because the 12th speed harmonic magnitude is
proportional to the magnitude of Th12. Another objective is to minimize the magnitude of
harmonic current for the purpose of reducing the losses induced by the harmonic current.
The diagram of the proposed FLC is shown in Figure 5-3. The input parameters of the
proposed FLC are the magnitude of speed harmonic, m12, and its derivative Δm12, as
shown in (5.16) and (5.17), where t is the time instance and Δt is the sampling time. In
actual implementation, instead of using FFT, a harmonic detection block is employed to
detect the speed harmonic, which will be detailed in the experimental section.
m12 (t )  Harmonic_Detection  m (t ) 

(5.16)

 m12 (t )   m12 (t  1)
t

(5.17)

 m12 (t ) 

The outputs of the FLC are the magnitude and phase angle of the harmonic current, Iq12
and ϕiq12, which are used to minimize the magnitude of Th12. Here, the outputs must
satisfy the conditions of (5.14) and (5.15).

Figure 5-3. The diagram of the proposed hierarchal fuzzy logic controller (FLC).

The FLC can be viewed as a mapping from the input linguistic variables (m12 and
Δm12) to the output linguistic variables (Iq12 and ϕiq12), denoted as (5.18).
u(t  1)  FLC  m12 (t ), m12 (t ) 

(5.18)

Here u includes the two output parameters Iq12 and ϕiq12.
The proposed FLC employs a hierarchal control structure, in which the control of the
current phase angle and magnitude is decoupled and they are controlled alternately until
the torque harmonic magnitude is minimized. Specifically, at first, the proposed
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controller initializes a small current magnitude and regulates the phase angle until the
speed harmonic magnitude is minimized. If the speed harmonic magnitude is within the
acceptable lower level, the proposed controller keeps the calculated harmonic current
phase angle and magnitude for torque ripple minimization. Otherwise, it will increase the
current magnitude and then regulate the phase angle again to minimize the speed
harmonic magnitude. The proposed controller repeats the above control procedures until
the speed harmonic is reduced to an acceptable lower level. Therefore, the torque
harmonic is minimized as well, because its magnitude is proportional to the speed
harmonic magnitude.
More specifically, as shown in Figure 5-3, the FLC consists of two separate controllers,
namely, FLC1 and FLC2, as given in (5.19).
iq12 (t  1)  FLC1  m12 (t ),  m12 (t ) 
I q12 (t  1)  FLC2   m12 (t ),  m12 (t ) 

(5.19)

The first controller, FLC1, focuses on controlling the phase angle ϕiq12, and the second
controller, FLC2, focuses on controlling the magnitude Iq12. In such a way, Iq12 will be
controlled to increase gradually until it reaches the minimal value required to minimize
the magnitude of th12.
Each fuzzy logic controller consists of three modules, namely, fuzzification, fuzzy
inference, and defuzzification modules. The task of the fuzzification module is to convert

the input variables, m12 and Δm12, into the corresponding linguistic variables. The task
of the fuzzy inference module is to obtain the control rules per the input linguistic
variables. The task of the defuzzification module is to translate the control rules into the
reference values of the output variables Iq12 and ϕiq12.
The membership functions of the normalized variables m12 and Δm12 are shown in
Figure 5-4(a) and (b), respectively. The variable m12 is decomposed into two fuzzy
partitions, namely, zero and positive. The variable Δm12 is segmented into three
partitions, namely, negative, zero and positive. The threshold value for each fuzzy
partition is presented in Figure 5-4. Here, there are some advantages of partitioning the
input parameters with fewer linguistic terms. For instance, it can help to reduce the
influence of noise in the measurement on the controller.
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Figure 5-4. The membership functions. (a) The membership function of m12. (b) The membership function
of Δm12.

In this study, the Takagi-Sugeno type fuzzy inference system is adopted for current
control. Specifically, the objective of the first controller FLC1 is to decrease the value
m12 at time t by appropriately regulating the phase angle ϕiq12. Therefore, the fuzzy

control rules for FLC1 are as follows.
1. If m12 is zero, then keep ϕiq12
2. If Δm12 is zero, then keep ϕiq12
3. If m12 is positive and Δm12 is positive, then increase ϕiq12
4. If m12 is positive and Δm12 is negative, then decrease ϕiq12
The objective of the second controller FLC2 is to decrease the value m12 at time t by
appropriately regulating the Iq12. Therefore, the fuzzy control rules for FLC2 are as
follows.
5. If m12 is zero, then keep iq12
6. If m12 is positive and Δm12 is zero, then increase Iq12
7. If m12 is positive and Δm12 is not zero, then keep Iq12
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It should be noted that at the initial stage, the Iq12 will be initialized with a small positive
value such as five percent of the maximum magnitude as shown in (5.14).
It can be seen from rules 5-7 that the Iq12 is updated by the FLC2 at time t only if when
the optimal ϕiq12(t-1) is obtained from FLC1 at time t-1. Therefore, the idea of the
hierarchal FLC is that we firstly initialize Iq12 and then find the optimal ϕiq12. If the m12 is
minimized then stop, otherwise increase Iq12 and find the optimal ϕiq12 again. The Iq12 and
ϕiq12 will be iteratively updated until the optimal Iq12 and ϕiq12 are found. It should be
noted that the increase step of Iq12 should be small so that the Iq12 can gradually increase
until it reaches the minimal value required for torque ripple minimization.
The magnitude of the harmonic current obtained from the controller FLC2 is the minimal
magnitude required to minimize the torque ripple. It can be proven as follows. Suppose
that there is a smaller magnitude Iq12* that can minimize the torque ripple and the phase
angle is ϕiq12*. The magnitude regulated by FLC2 increases gradually, so when Iq12
increases to Iq12*, FLC1 will output the optimal phase angle ϕiq12*. Therefore, when Iq12*
and ϕiq12* are obtained, the controller will converge to these two values.
The task of defuzzification is to determine the reference value of the magnitude and phase
angle, Iq12 and ϕiq12, of the harmonic current from the control rules. To this end, the
magnitude and phase angle are computed at first by:

iq12 (t  1)  iq12 (t )  K (m12 (t ))
I q12 (t  1)  I q12 (t )  Ki (m12 (t ))

(5.20)

where Kϕ and Ki denote the control gains. Here, the control gains in (35) are determined
by the defuzzification rules as the follows.
8. Increase ϕiq12: set Kϕ>0
9. Keep ϕiq12: set Kϕ=0
10. Decrease ϕiq12: set Kϕ<0
11. Increase Iq12: set Ki>0
12. Keep Iq12: set Ki=0
Then, the center-of-mass based approach is employed as the defuzzification method to
compute the final current magnitude and phase angle, Iq12 and ϕiq12. It should be noted
that the absolute value of the control gains, Kϕ and Ki, should be small to ensure that the
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controller can find their optimal values. However, there is no general method for the
selection of the control gains. In this investigation, they are experimentally selected.
Generally, selecting a larger control gain can result in a fast convergence speed. However,
if the control gain is too large, the controller may miss the optimal solution. Therefore,
the preferred selection method is that selecting a small control gain at first and then
increases the control gain gradually until it achieves the desired dynamic responses.
It should be noted that the magnitude and phase angle should comply with their bounds
as indicated in (5.14) and (5.15). Therefore, the following two rules should be applied to
the current magnitude and phase angle after defuzzification.
13. If ϕiq12>2π, then ϕiq12= ϕiq12-2π
14. If Iq12> Iq12max, then Iq12=Iq12max
where Iq12max is the maximum magnitude obtained from (5.14) .
Since the magnitude of the torque harmonic is depending on the stator current, when the
stator current changes, the harmonic current should be reinitialized. In summary, the
proposed FLC is detailed in Algorithm 1 as follows:
Algorithm 1: Fuzzy Logic Controller

1. Initialize Iq12 and ϕiq12
2. Use membership functions to calculate m12 and Δm12
3. Find the fuzzy control rules for Iq12 and ϕiq12 from the rules 1-7 using the fuzzy values
of m12 and Δm12
4. Use defuzzification rules 8-12 to find the control gains
5. Use defuzzification strategy to compute the reference values of Iq12 and ϕiq12
6. Use rule 15 to update ϕiq12
7. Use defuzzification rules 13-14 to bound Iq12 and ϕiq12
8. Update m12 and Δm12 and go to 2
Here, the rule 15 will be generalized in the experimental section.
5.4 Experimental Investigations

The proposed FLC is tested on the laboratory IPM machine drive system, which has been
introduced in Chapter 2. The shaft torque at no-load condition is given in Figure 5-5. The
speed harmonic is used for feedback current control for torque ripple minimization.
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Figure 5-5. The shaft torque measured at no-load condition. (a) Torque waveform. (b) Harmonic
components.

Therefore, using a high-resolution encoder can improve the performance of the proposed
approach. In the test machine, the employed high resolution optical encoder has a cycle
per revolution of 2,500. The speed harmonic obtained from encoder is used to minimize
the torque harmonic.
The control diagram is given in Figure 5-6(a), in which the proposed FLC is integrated
into the machine drive to control the 12th harmonic current. There are two independent
current controllers: one is the PI controller that is used to control the dq-axis DC currents
to follow the current reference for machine control, and the other is the proportional
resonant (PR) controller that is used to control the harmonic current to follow the desired
harmonic current reference obtained from the proposed FLC for torque ripple
minimization. The outputs of the PI controller and PR controller are then added together
to obtain the required dq-axis reference voltages.
In the FLC, a computationally efficient speed harmonic detection block, shown in Figure
5-6(b), is employed to detect the 12th speed harmonic magnitude. At first, the speed
measurements are multiplied by sin(12θ) and cos(12θ), and then the low-pass-filter (LPF)
is applied to the results to obtain 0.5m12sin(ϕω12) as well as 0.5m12cos(ϕω12). Finally,
with the mathematical operations in Figure 5-6(b), the speed harmonic magnitude, m12,
can be obtained. The m12 and its derivative Δm12 are then fed to the FLC to produce the
desired 12th harmonic current to minimize the 12th torque harmonic.
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Figure 5-6. The implementation diagram of the proposed fuzzy logic controller. (a) Machine control. (b)
Speed harmonic detection.

Four experiments (Ex1-Ex4) are conducted to evaluate the performance and feasibility of
the proposed FLC under different load conditions and speeds. In the tests, the sampling
time is 2×10-5 seconds and the PWM frequency is 5 kHz. Details about each test are
listed in Table 5-1, in which the load torque, motor speed, control gains, and objectives
are given.
5.4.1 Investigations on the Fuzzy Control Rule of Current Phase Angle

In Ex1, the load torque is about 35 Nm with dq-axis reference currents being 0 and 10 A,
respectively. The motor is running at 100 RPM. The control gains in (5.20) are set to be
Kϕ=Ki=1×10-3. The objective of this test is to investigate how rule 15 influences the

control performance using the proposed torque ripple minimization strategy. Rule 15 will
be summarized from this experimental investigation.
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TABLE 5-1: EXPERIMENTAL SETUPS AND EXPLANATIONS

Load Speed
(Nm) (RPM)
Ex1

35

100

Ex2

35

100

Gains
Ki

Objectives

Kϕ

1×10-3 1×10-3 Study how Rule 15 affects control performance
Vary

Vary Study how control gain affects convergence speed

1×10-2 1×10-2 Study how load condition affects convergence speed

Ex3 Vary

100

Ex4

Vary 1×10-2 1×10-2 Study how motor speed affects control performance

35

Figure 5-7(a) and (b) present the two input linguistic variables of the FLC, and Figure
5-7(c) and (d) show the output control parameters including the magnitude and phase
angle of the 12th harmonic current. From Figure 5-7, after 36 seconds, the inputs of the
FLC become zero, and the outputs converge to the optimal magnitude and phase angle
that are 1.5 A and 196°. The dq-axis currents are shown in Figure 5-8, in which the
magnitude of the q-axis harmonic current is increased gradually. Here, the q-axis
harmonic current is controlled by the FLC, in which its magnitude is controlled to
increase gradually until the torque ripple is minimized. In other words, the increase of
harmonic current is the result of the control action of the proposed controller. It can be
seen from Figure 5-8, after the torque ripple is minimized, the q-axis harmonic current
remains the same. However, the harmonic current does not influence the steady-state
performance. Figure 5-9 presents the torque measured by the torque transducer and the
magnitude of the 12th torque harmonic during torque ripple minimization using the FLC.
Figure 5-10 presents the corresponding speed measurements from the encoder and the
magnitude of the 12th speed harmonic. From Figure 5-9 and Figure 5-10, it can be
observed that the 12th torque harmonic magnitude is reduced from 4 to 0.35 Nm, and the
12th speed harmonic magnitude is reduced from 0.1 to 0.02. However, the 12th torque and
speed harmonic magnitudes are oscillating before convergence, which is not desired in
practical applications. The reason is that when the harmonic current magnitude is
increased, the controller will search the phase angle within 0-2π again until the harmonic
current magnitude reaches the optimal one.
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Figure 5-7. The FLC inputs and outputs in Ex1 without using rule 15. (a) Input variable m12. (b) Input
variable Δm12. (c) Output Iq12. (d) Output ϕiq12.

Figure 5-8. The dq-axis currents in Ex1 without using rule 15.

In order to eliminate the oscillating effect described above, the searching space of the
current phase angle should not be reset every time after the current magnitude changes.
From the experimental tests, it is found that at a specific operating condition, the optimal
current phase angle is independent from the magnitude of the harmonic current. Based on
this, when the magnitude of the harmonic current is larger than the threshold, the phase
angle is set to be the angle obtained at previous steps, which is summarized into the
control rule 15 as:
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15. If Iq12>ε, then set ϕiq12 to be the optimal value obtained at previous step and ignore
other rules attempting to regulate ϕiq12.
Here ε is a threshold, and it can be set to be the 40% of the maximum value of the
harmonic current magnitude in (5.14).

Figure 5-9. The measured torque in Ex1 without using rule 15. (a) Torque waveform. (b) The 12th torque
harmonic magnitude.

Figure 5-10. The measured speed in Ex1 without using rule 15. (a) Speed waveform. (b) The 12th speed
harmonic magnitude.
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After rule 15 is included in the proposed FLC, the Ex1 is rerun and the results are as
follows. Figure 5-11 presents the inputs and outputs of the FLC. After Iq12 is larger than
0.5 A, the phase angle is fixed to the value of 193° degree, which is followed by rule 15.
Figure 5-12 shows the dq-axis current during the experiment. Figure 5-13 and Figure
5-14 present the torque and speed and their 12th harmonic magnitudes by using rule 15.
From these two figures, the oscillation in the torque and speed harmonics is eliminated
and the magnitudes of the 12th torque and speed harmonics decrease gradually. Thus, the
control performance has been improved by involving rule 15.
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Figure 5-11. The FLC inputs and outputs in Ex1 using rule 15. (a) Input variable m12. (b) Input variable
Δm12. (c) Output Iq12. (d) Output ϕiq12.

Figure 5-12. The dq-axis currents in Ex1 using rule 15.
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Figure 5-13. The measured torque in Ex1 after using rule 15. (a) Torque waveform. (b) The 12th torque
harmonic magnitude.
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5.4.2 Performance Analysis with Different Control Gains

In Ex2, the operation condition of the test PM machine is the same as that in the first
experiment. However, the control gains in (32) are varying between the following three
settings:
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Figure 5-15. The magnitude of the 12th torque and speed harmonics at different control gains in Ex2. (a)
Torque Harmonic. (b) Speed Harmonic.

G1: Kϕ=Ki=1×10-2
G2: Kϕ=Ki=5×10-3
G3: Kϕ=Ki=1×10-3
which aims to investigate how the control gains influence the convergence speed of the
proposed FLC. Figure 5-15 presents the 12th speed and torque harmonic magnitudes by
using the FLC with different control gains. For G1, it takes five seconds for minimization;
for G2, it takes ten seconds for minimization; and for G3, it takes 45 seconds for
minimization. Therefore, the FLC convergence speed increases with the increase of
control gain. However, a sudden increase of harmonic current may affect the drive
dynamic performance, so a careful selection is necessary.
5.4.3 Performance Analysis under Different Loading Conditions

In Ex3, the test motor is operating at 100 RPM and the control gains are set to Kϕ=
Ki=1×10-2, but the load torque is changed to 20 Nm and 70 Nm, which is to investigate

how the proposed FLC performs at different load conditions.
Figure 5-16 and Figure 5-17 present the torque and speed and their 12th harmonic
magnitudes when the load torque is about 70 Nm. It can be seen from these two figures
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Figure 5-16. The torque in Ex3 obtained from torque sensor with a load torque of 70 Nm. (a) Torque
waveform. (b) The 12th torque harmonic magnitude.

Figure 5-17. The rotor mechanical speed in Ex3 obtained from the encoder. (a) Speed waveform. (b) The
12th speed harmonic magnitude.

that the 12th torque harmonic magnitude is reduced from 12 Nm to 0.4 Nm, and the 12th
speed harmonic is reduced from 0.216 to 0.015. Moreover, it takes about 12 seconds for
the FLC to minimize the torque harmonic. Figure 5-18(a) and (b) present the torque and
the 12 th torque harmonic magnitude when the load torque is 20 Nm. It takes
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Figure 5-18. The measured shaft torque in Ex3 at 20 Nm. (a) Torque waveform. (b) The 12th torque
harmonic magnitude.

about 6 seconds to reduce the 12th torque harmonic magnitude from 2.2 Nm to 0.4 Nm.
With the increase of load torque, the convergence time of the proposed approach is
slightly increased. One reason is that the torque harmonic magnitude is increasing with
the increase of load torque. However, from Ex3, the FLC is effective for torque ripple
minimization under different load conditions.
5.4.4 Performance Analysis under Different Operating Speeds

In Ex4, the load torque is 35 Nm, which is the same as that in Ex1 and Ex2. The control
gains are Kϕ=Ki=1×10-2. However, the operating speed of the test PM machine is varying
from 50 to 400 RPM, which is to study how the proposed FLC performs under different
speeds. Figure 5-19 presents the motor speed and its 12th harmonic magnitude at different
speeds. From Figure 5-19, at 50 RPM, the 12th speed harmonic magnitude is reduced
from 0.2 to 0.018 in 4 seconds; at 100 RPM, it is reduced from 0.1 to 0.014 in 5 seconds;
at 200 RPM, it is reduced from 0.0456 to 0.004 in 8 seconds; at rated speed, it is reduced
from 0.0146 to 0.0044 in 28 seconds. With the same control gain, the convergence speed
at high speed is decreasing due to the decrease of 12th speed harmonic magnitude. This is
because with the increase of motor speed, the 12th speed harmonic magnitude is
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TABLE 5-2: OPTIMAL HARMONIC CURRENT AT DIFFERENT SPEEDS

Current
Speed

Optimal Parameters
Iq12 (A)

ϕi12 (degree)

50 RPM

1.53

197

100 RPM

1.5

193

200 RPM

1.49

195

400 RPM

1.51

189

decreasing because it is inversely proportional to the motor speed. Thus, larger control
gains are preferred at higher speed to increase the convergence speed. These results
demonstrate that the FLC is effective from low speed to high speed for the test machine.
The harmonic current magnitudes and phase angles at each speed are given in Table 5-2.
It is clear that the required harmonic current at each speed is similar. This is because the
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torque harmonic model does not contain any term related to the machine speed. Therefore,
when the stator current remains the same, the harmonic currents obtained at lower speed
operation are applicable to high speed operation for torque ripple minimization.
5.5 Discussions and Summary

The proposed approach requires the order of the dominant torque harmonic before
applying to a new machine. A simple way is to apply a FFT to the speed measurements of
the test machine to obtain this information. The speed measurements are generally
available in a PM machine drive, so the proposed approach can be flexibly extended to
other PM machines. Indeed, the harmonic order detection can be combined into the
proposed approach as an initialization step.
The proposed approach uses the speed harmonic as the feedback control signal, so it is
effective if the speed harmonic can be accurately detected. The proposed harmonic
detection block remains effective when the speed goes through a slow speed transient.
However, if the speed changes too fast, the speed harmonic detection becomes
challenging. Therefore, it is preferable to operate the proposed approach at steady state.
A novel closed-loop fuzzy logic based current controller for PM machine torque ripple
minimization is proposed in this chapter. The proposed controller does not involve much
computation, which is critical for practical implementation. It does not require offline
training and accurate parameters of the test machine, so extending it to other machines
can be easily achieved. Moreover, a proper selection of the parameter partition can help
to reduce the influence from the noise in the measurement. In particular, the relation
between torque ripple and speed harmonic of the same order is investigated and modeled
to show that the speed harmonic magnitude can be applied for torque ripple
minimization. The torque ripple model shows that for a specific PM machine, the torque
harmonic magnitudes depend mainly on the stator current magnitude and are independent
from machine speed. This result is significant because the speed harmonic magnitude is
inversely proportional to the motor speed, so it is unable to ensure a high signal to noise
ratio at high speed, but we can apply the harmonic current obtained at low speed to high
speed for the same current level.
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CHAPTER 6
DISCUSSIONS AND CONCLUSIONS
In this thesis, comprehensive torque ripple models have been proposed for PM machines,
in which the harmonic components resulting from the magnetic torque, reluctance torque
and cogging torque are included. Genetic algorithm (GA) based stator current
optimization is proposed to achieve three objectives: minimizing the peak-to-peak torque
ripple, minimizing the rms value of the stator current, and maximizing the average torque
produced by the harmonic currents. During the current optimization, both the magnitude
and phase angle of the harmonic currents are optimized to minimize the torque ripple as
well as the magnitude of the harmonic currents.
The torque ripple model is improved by including the magnet flux variations due to
temperature change. The improved torque ripple model is used for optimal stator current
design by using the GA. The proposed optimal current design approach is capable of
adaptively optimizing the stator current with respect to magnet temperature for torque
ripple minimization. Experimental studies have demonstrated that with the increase of
magnet temperature, the proposed approach is able to improve the torque ripple
minimization performance.
The magnetic saturation induced inductance variation is also considered in the torque
ripple modeling such that the proposed method can work effectively under different
loading conditions even though magnetic saturation exists. The key here is that the
inductance term is replaced by using the machine electrical equations, which can be
obtained in real-time. The proposed GA-based optimal current design approach can
adaptively optimize the stator currents to achieve rugged torque ripple minimization
performance under varying load conditions. Both the simulation and experimental results
demonstrate that the proposed approach performs better than existing approaches in terms
of both accuracy and ruggedness.
Using an optimization algorithm for torque ripple minimization is considerably timeconsuming. Thus, a novel analytical solution for optimal stator current design has been
proposed for torque ripple minimization. The proposed approach is computationally
efficient as compared to the GA based optimization. Theoretically, the calculated stator
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currents can effectively reduce the pulsating torque under both transient and steady state
operations of a PM machine, which is also demonstrated by numerical and experimental
investigations.
Finally, a closed-loop fuzzy logic based torque ripple minimization approach is proposed,
which is effective as long as the speed harmonic can be accurately detected. Moreover,
the proposed controller does not involve much computation, which is critical for practical
implementation, and it does not require offline training and accurate information of the
test machine, so extending it to other machines can be easily achieved.
In summary, comprehensive torque ripple models have been proposed by considering
different harmonic sources and machine parameter variations. Feed-forward and feedback
based torque ripple minimization approaches have been developed and evaluated on a
laboratory PM machine under transient and steady state operations, varying speeds,
temperatures and loading conditions. However, more efforts are required to further
improve the performance of torque ripple modeling and minimization. The future work
can be focused on: i) considering the harmonic components in the dq-axis inductances; ii)
considering the position sensor offset and current sensor error; and iii) considering
inverter voltage limits during torque ripple minimization; iv) considering the harmonic
load torques in the feedback based torque ripple minimization.
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APPENDICES
Appendix A: Preliminaries on PM Machine Modeling

If one assumes that the iron used has an infinite permeability and there is no magnetic
saturation, the armature and field MMFs are sinusoidally distributed in space, a healthy
PM machine can be generally modeled by the following voltage equation, in the abc
reference frame considering only the fundamental voltage, current and flux components,

uabc  Rsiabc   s,abc

(A.1)

where uabc=[ua ub uc]T is the phase terminal voltage vector, Rs=diag{R R R} is the
resistances matrix, and iabc=[ia ib ic]T is the three-phase current vector. In addition, the
flux linkages, s,abc=[sa sb sc]T, which are generated by the stator currents and the rotor
permanent magnets, can be decoupled as:

s,abc  Lsiabc  abc

(A.2)

where abc is the flux generated by the PMs in the rotor and it varies according to the
rotor position as demonstrated in (2.18). The inductance matrix can be written as (A.3),
with the components detailed in (A.4).

 Laa M ab M ac
Ls   M ba Lbb M bc
 M ca M cb Lcc






(A.3)

These inductances are mainly composed of three components, the leakage inductance Lls,
the saliency-independent inductance LA, and the saliency-dependent inductance LB [93].

 Laa  Lls  LA  LB cos 2
 L  L  L  L cos 2(   / 3)
ls
A
B
 bb
 Lcc  Lls  LA  LB cos 2(   / 3)

 M ab  M ba   LA / 2  LB cos 2(   / 3)
 M ac  M ca   LA / 2  LB cos 2(   / 3)

 M bc  M cb   LA / 2  LB cos 2

(A.4)

The magnetizing inductances are defined as:

 Lmd  1.5( LA  LB )

 Lmq  1.5( LA  LB )
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(A.5)

The Park transformation is commonly employed to simplify the motor modeling and
controller design [18], [23], [93], because it converts the AC variables to the DC
components in the dq-axis by using the transformation matrix P denoted as below:

cos   
cos    2 / 3
2
P    sin     sin    2 / 3
3
 1/ 2
1/ 2


cos    2 / 3 

 sin    2 / 3 

1/ 2


cos   
 sin  
1
 

1
P  cos   2 / 3  sin    2 / 3 1
cos    2 / 3  sin    2 / 3 1



(A.6)

(A.7)

After the Park transformation, the dq-axis inductances are obtained:

 Ld  Lls  Lmd

 Lq  Lls  Lmq

(A.8)

and the voltage equations in the dq-axis are written as:

did

u
Ri
L


 ωLq iq
d
d
d

dt

u  Ri  L diq  ω  L i   
q
q
d d
0
 q
dt

(A.9)

The dq-axis equivalent circuit of a PM machine is presented in Figure A-1. In such a way,
the working principle and control of the three-phase PM machine can be analyzed using
the traditional DC machine theory. The relation between the abc-axis and dq-axis is
presented in Figure A-2. Normally, the abc axis is considered to be stationary, and the
dq-axis is rotating at a speed of  in the analysis of PM machines.

Figure A-1. dq-axis equivalent circuit of a PMSM.
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q

b

d


a

c
Fiigure A-2. Dem
monstration of the reference frames
f
for PM machine modeeling.

Torque
T
produ
uced by a PM
M machine has
h been moodeled and aanalyzed com
mprehensiveely in
th
his thesis, so
o it is neglectted here. Based on the ddq-axis machhine model, a generalizedd PM
machine
m
con
ntrol system is demonsttrated in Fiigure A-3 [[1]. More ddetails aboutt PM
machine
m
conttrol techniqu
ues can be fo
ound in [18].

Fiigure A-3. Oveerall schematicc of three-phasee AC traction m
motor drive [1]].
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Appendix B: Detailed Steps on Torque Ripple Modeling

This section presents the detailed steps on how the comprehensive torque model (2.14)(2.17) is derived. First, (2.3) can be calculated from (2.2) by following the steps in (A.10).

 1 T dLs
T d  abc 
te  NP  iabc
iabc  iabc

d 
 2 d

1
 1 1 T d  P1Ldq P  1
T d  P  dq  
1
 NP   P idq 
 P idq    P idq  d 
2
d


 dP1  dq  P1  d dq  
 1 T 1 T  dP1  Ldq P  P1Ldq  dP  1
T  1 T


 NP  idq P
P idq  idq P
 (A.10)
2
d
d


d dq 
3 
T
 NP   Ld  Lq  id iq  id q  iq d  idq

d 
2 
d dq 
T

T
 K p   Ldqidq  dq   idq  idq

d 


Based on (2.9), each torque component is then calculated as in (A.11)-(A.13) bellow.
Te0  ( Ldq Idq 0  dq 0 )T  Idq 0  Ld Id 0  0

Id 0 
Lq Iq 0      0 Iq 0  ( Ld  Lq ) Id 0 Iq 0
Iq 0 

te1  ( Ldq Idq 0  dq 0 )T  idqh  ( Ldqidqh  dqh )T  Idq 0  IdqT 0

idh 
 Ld Id 0  0 Lq Iq 0      Ld idh  dh
iqh 

d dqh

d
d dqh
Id 0 
Lqiqh  qh      Id 0 Iq 0 
d
Iq0 

 Ld Id 0iqh  0iqh  Lq Iq 0idh  Ld Iq 0idh  Iq 0dh  Lq Id 0iqh  Id 0qh  Id 0
 L ( Id 0iqh  Iq 0idh )  0iqh  Iq 0dh  Id 0qh  Id 0
T
te 2  ( Ldqidqh  dqh )T  idqh  idqh

d dh
d

d dh
d

 Iq 0

d qh

(A.12)

d

d dh

 Iq 0

d

d dqh
d
idh 

d dqh
 Ld idh  dh Lqiqh  qh      idh iqh 
d
iqh 
 Ld idhiqh  dhiqh  Lqiqhidh  qhidh  idh
 Lidhiqh  dhiqh  qhidh  idh
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(A.11)

d dh
d

d dh

 iqh

d qh

 iqh
d
d
d qh
d

(A.13)

Afterwards, the magnet flux and current harmonics presented in (2.11) and (2.12) are
substituted into (A.12) and (A.13) to achieve detail expressions for te1 and te2, which are
presented in (A.14) and (A.15).
te1   L I d 0  0   I qk sin  k  iqk   L I q 0  I dk cos  k  idk 
k

k

 I q 0  dk cos  k  k   I d 0  qk sin  k  k 
k

k

 kI d 0  dk sin  k  k   kI q 0  qk cos  k   k 
k

(A.14)

k

   L I d 0  0  I qk sin  k  iqk   L I q 0 I dk cos  k  idk  
k

   I q 0  dk  k qk  cos  k   k   I d 0 (qk  k dk )sin  k  k  
k

te 2  L  I dk cos  k  idk  I qk sin  k  iqk    dk cos  k  k  I qk sin  k   iqk 
k

k

k

k

  qk sin  k  k  I dk cos  k   idk    I dk cos  k  idk  k dk sin  k  k 
k

k

k

k

  I qk sin  k   iqk  k qk cos  k  k 
k

k

  L I dk I ql cos  k  idk  sin  l  iql 
k

l

   dk I ql  k qk I ql  cos  k  k  sin  l  iql 
k

l

(A.15)

   qk I dl  k dk I dl  sin  k   k  cos  l  idl 
k

l

  0.5L I dk I ql sin  k  l    idk  iql   sin  k  l    idk  iql 
k

l

  0.5  dk I ql  k qk I ql  sin  k  l    k  iql   sin  k  l    k  iql 
k

l

k

l

  0.5  qk I dl  k dk I dl  sin  k  l    k  idl   sin  k  l    k  idl 

At the end, the torque model presented in (2.14)-(2.17) can be obtained by substituting
(A.11), (A.14) and (A.15) into (2.8).
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